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A methodology for the rigorous nonperturbative derivation of magnetic pseudospin Hamiltonians of
mononuclear complexes and fragments based on ab initio calculations of their electronic structure is
described. It is supposed that the spin-orbit coupling and other relativistic effects are already taken
fully into account at the stage of quantum chemistry calculations of complexes. The methodology
is based on the establishment of the correspondence between the ab initio wave functions of the
chosen manifold of multielectronic states and the pseudospin eigenfunctions, which allows to define
the pseudospin Hamiltonians in the unique way. Working expressions are derived for the pseudospin
Zeeman and zero-field splitting Hamiltonian corresponding to arbitrary pseudospins. The proposed
calculation methodology, already implemented in the SINGLE_ANISO module of the MOLCAS-7.6
quantum chemistry package, is applied for a first-principles evaluation of pseudospin Hamiltoni-
ans of several complexes exhibiting weak, moderate, and very strong spin-orbit coupling effects.
© 2012 American Institute of Physics. [http://dx.doi.org/10.1063/1.4739763]

I. INTRODUCTION

Molecular magnetic complexes and materials exhibiting
strong magnetic anisotropy attracted wide attention in the last
two decades due to new fundamental properties and poten-
tial applications.1 The magnetic anisotropy of the complexes
arises from the interplay of spin-orbit coupling at the metal
ion and the ligand (crystal) field of its environment,2 and
is manifested in two basic interactions, the Zeeman and the
zero-field splitting (ZFS) interactions within a relevant man-
ifold of lowest electronic states.2 The first interaction defines
the splitting of a group of degenerate energy levels in applied
magnetic field as function of its direction. The second inter-
action is responsible for the splitting of the chosen group of
energy levels, e.g., corresponding to the manifold of 2S + 1
states of the ground term S of the complex, in the absence of
applied magnetic field. Both these interactions are generally
described by effective spin or pseudospin (S̃) Hamiltonians
acting in the space of the corresponding manifold of 2S̃ + 1
states.2 The parameters of these pseudospin Hamiltonians are
the Zeeman-splitting and zero-field splitting tensors, respec-
tively. Knowledge of these tensors determine completely the
anisotropic properties of paramagnetic complexes,2–4 such as
the EPR spectrum.5

The pseudospin Hamiltonians have been introduced
phenomenologically by Pryce and Abragam in the beginning
of 1950s (Refs. 6 and 7) to describe the splitting of spin multi-
plets in complexes and since then were widely employed.8–13

At the early stage, when the theory was not able to provide
the parameters of pseudospin Hamiltonians with sufficient
accuracy, the latter were efficiently constructed as invariants
of given symmetry groups of the complexes14–19 (see, e.g.,
Ref. 20 for a review). Indeed, written in a coordinate system
related to the symmetry axes of the complex they involve
a minimal number of parameters which can in principle be

extracted from experiment. To this end, the eigenvalues of
pseudospin Hamiltonians are fitted to the observed transition
energies, while their eigenfunctions are used to simulate
the experimental probabilities of transitions between dif-
ferent energy levels.2, 20 Experimentally, the parameters of
the spin Hamiltonians are most often extracted from EPR
spectroscopy.2, 3, 20

Recently, the increased power of quantum chemistry
methods made the accurate determination of these parameters
feasible. Thus it became possible to determine the Zeeman-
splitting g tensor by density functional (DFT) calculations
either perturbatively21 or straightforwardly from discrete
Fourier transform,22 Dirac-Fock (four-component)23, 24 and
explicitly correlated ab initio calculations.25, 26 The parame-
ters of the zero-field splitting D tensor have been extracted
from DFT calculations via a direct perturbative approach,27

by analysing the second-order spin-orbit coupling contribu-
tions to the magnetic anisotropy energy,28, 29 via a DFT-based
ligand field model,30 and from explicitly correlated ab ini-
tio calculations by analysing the zero-field splitting of spin
levels.31–34

Concerning the quantum chemistry calculations of mag-
netic properties of complexes one should distinguish two as-
pects of the problem. The first is related to the calculation
of physical quantities themselves, such as magnetization or
magnetic susceptibility, which poses no fundamental prob-
lems since these are just expectation values for the calcu-
lated eigenstates. Thus including the spin-orbit coupling and
the magnetic field in the calculations we can obtain the mag-
netic properties of the complex via matrix elements of mag-
netic moments operators on the ground and excited states for
explicitly correlated methods or as the ground state prop-
erties (magnetization, anisotropy energy) in DFT. The sec-
ond aspect is related to the derivation of the parameters of
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pseudospin Hamiltonians from quantum chemistry calcula-
tions. For this purpose, we should first put into one-to-one
correspondence the ab initio calculated multielectronic wave
functions to the eigenfunctions of the pseudospin operators
entering the pseudospin Hamiltonian. This condition is tacitly
considered fulfilled in the theoretical approaches mentioned
above (except for Refs. 25 and 26). This is approximately the
case for relatively weak spin-orbit coupling effects, when the
pseudospin entering the magnetic Hamiltonians can be asso-
ciated in a good approximation to the true spin of the com-
plex. However, in the case of strong spin-orbit coupling ef-
fects, when the lowest electronic states of the complex are
described by the pseudospin rather than the true spin (or true
total angular momentum), finding such a correspondence is a
nontrivial task which has not been considered yet.

In this paper, we describe a general methodology for
the rigorous, nonperturbative derivation of magnetic pseu-
dospin Hamiltonians of mononuclear complexes and frag-
ments based on explicitly correlated (multiconfiguration)
ab initio calculations of their electronic structure. It is sup-
posed that the spin-orbit coupling and other relativistic ef-
fects are already taken fully into account at the stage of
quantum chemistry calculations of complexes. The method-
ology is based on the establishment of the correspondence
between the ab initio wave functions of the chosen mani-
fold of multielectronic states and the pseudospin eigenfunc-
tions, which allows to define the pseudospin Hamiltonians in
a unique way. Working expressions are derived for the pseu-
dospin Zeeman and zero-field splitting Hamiltonians corre-
sponding to arbitrary pseudospins. This calculation methodol-
ogy has been developed and applied several years ago35–38 and
recently implemented as a separate module SINGLE_ANISO
in the MOLCAS-7.6 quantum chemistry package,39 however,
the theoretical grounds behind it are described here for the
first time. We illustrate this methodology by applying it for a
first-principles derivation of pseudospin Hamiltonians of sev-
eral complexes exhibiting weak, moderate, and very strong
spin-orbit coupling effects.

Finally, we note that in the established terminology the
term “spin Hamiltonian” is often used for both isotropic and
anisotropic magnetic complexes, which appears misleading in
many situations. As explained in the book of Abragam and
Bleaney (Sec. 3.1 in Ref. 2) the symbol S for pseudospin and
the term “spin Hamiltonian” are still often used because the
pseudospin Hamiltonian description was initially applied to
cases where the pseudospin S̃ was the same as the true elec-
tronic spin S of the complex. In order to avoid confusion, we
will always use the term “pseudospin Hamiltonian” when the
latter is expressed via pseudospin operators.

II. PSEUDOSPIN HAMILTONIANS OF MONONUCLEAR
COMPLEXES FROM AB INITIO CALCULATIONS

The increased power of ab initio methods underlined an
important progress manifested in two aspects. First, they al-
low nowadays to treat large complexes (with more than a hun-
dred atoms) fully ab initio. Second, these methods provide
accurate solutions for multielectronic eigenstates which of-
ten allows to make predictions of different properties of the

complexes with an experimental accuracy. A representative
quantum chemistry software is the MOLCAS package.39 Re-
cently, a combination of the scalar-relativistic Douglas-Kroll-
Hess Hamiltonian40, 41 with an efficient treatment of spin-orbit
coupling via the atomic mean-field integral method42 has been
implemented in this package. In combination with explic-
itly correlated multiconfiguration description of the multielec-
tronic wave functions this approach generally provides very
good solutions for molecular spin-orbit multiplets. The latter
can be used in principle for the calculation of magnetic prop-
erties of different complexes. Indeed, since these properties
are simply a response to a Zeeman interaction induced by an
applied homogeneous magnetic field B, in order to evaluate
them we only need to know the matrix elements of the opera-
tor of total magnetic moment of the complex,

µ̂ = −µB(geŜ + L̂), (1)

calculated in the basis of multiplet eigenstates. In (1)
ge = 2.0023 is the free spin g factor, µB is the Bohr mag-
neton, Ŝ is the operator of the total spin momentum,

Ŝ =
Nel∑

i=1

ŝi , (2)

and L̂ is the operator of the total orbitals momentum,

L̂ =
Nel∑

i=1

l̂i . (3)

The summation in Eqs. (2) and (3) runs over all electrons of
the complex. With Eq. (1), the Zeeman interaction of the com-
plex with homogeneous magnetic field has the form,2

ĤZee = −µ̂ · B. (4)

A. Unique definition of pseudospin Hamiltonians

In the absence of spin-orbit coupling the electronic states
of the complex are characterized by the total spin S and are
called molecular terms. Each molecular term is degenerate af-
ter the spin projection M on some chosen axis, M = −S, −S
+ 1, . . . S. The Zeeman Hamiltonian of this term in the ab-
sence of an additional orbital degeneracy, which is usually
the case, is described by the Zeeman Hamiltonian (4) with the
magnetic moment,2

µ̂ = −µBgeŜ, (5)

which is isotropic, i.e., of invariant form in any coordinate
system, and therefore leads to an isotropic Zeeman splitting.
Accordingly, all magnetic properties will be also isotropic.

In the presence of spin-orbit coupling two main effects
arise. First, the degeneracy of the ground state spin is removed
for S > 1/2, even in the absence of an external magnetic field,2

resulting in a ZFS of the molecular term. In the case of rela-
tively weak spin-orbit coupling the zero-field splitting can be
described in the second order perturbation theory after spin-
orbit coupling leading to the following ZFS Hamiltonian in
the crystal field approximation:2, 43

HZFS = Ŝ · D · Ŝ, (6)
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where D is a 3 × 3 symmetric traceless matrix called ZFS
(or D) tensor. Second, the operator of magnetic momentum
is not of the form (5) anymore but still can be expressed in
the lowest order of perturbation theory within the crystal field
approximation via the operators of the total spin, the same for
the Zeeman Hamiltonian,2

µ = −µBg · Ŝ,
(7)

HZee = −µ · B = µBB · g · Ŝ,

where g is a 3 × 3 Zeeman-splitting symmetric matrix (or g
tensor). The Hamiltonians (6) and (7) are called spin Hamil-
tonians since they are expressed via the operators of true spin
S of the corresponding molecular term. They contain all in-
formation about the magnetic properties of this term, i.e., are
the physical characteristics of the complex. The final goal of
rationalization of experimental magnetic data of a complex
is the derivation of the parameters (elements of the matri-
ces D and g) of these Hamiltonians. Going beyond the crys-
tal field approximation, the same lowest order of perturbation
theory after spin-orbit coupling will keep the form of ZFS
Hamiltonian (6) unchanged27 but will make the matrix g in
Eqs. (7) generally non-symmetric.44 While in this case the
ZFS and Zeeman Hamiltonians still remain spin Hamiltoni-
ans, the second one does not have anymore a form used to
rationalize EPR and other magnetic data because it cannot be
brought to diagonal form (see below).

If the spin-orbit coupling on the metal site is compara-
ble with or larger than the separation between the ligand-
field terms of the complex, it cannot be accounted for by sev-
eral lowest orders of perturbation theory (more generally, the
perturbation theory with respect to this interaction does not
converge). As a consequence, we cannot use the true total
spin eigenstates as a model space for the construction of ZFS
and Zeeman spin Hamiltonians of the complex, contrary to
Eqs. (6) and (7). Also the total angular momentum, J= L
+ S, cannot be used for the construction of J-spin Hamilto-
nians if a restricted manifold of crystal-field states, not cov-
ering the model space of all its 2J + 1 eigenstates is con-
sidered. In all such cases the Zeeman and ZFS Hamiltonians
are formulated in terms of pseudospins S̃ which are abstract
operators acting in the space of N = 2S̃ + 1 lowest (or any
chosen) spin-orbit states ! i, i = 1, . . . , N of the complex.2, 20

The last equation defines the dimension of pseudospin. For
instance, the Kramers doublet corresponds to a pseudospin
S̃ = 1/2.

The pseudospin description is based on the decomposi-
tion of N × N matrices of the operators of magnetic moment
components (µ̂α , α = x, y, z), of zero-field splitting and of
Zeeman interaction into spin matrices S̃α , α = x, y, z, and
their products and powers.2, 20 We emphasize that although
the matrices S̃α look precisely as the conventional spin matri-
ces Sα of the corresponding dimension,45 they are not related
to any physical angular momentum. The matrices of time-odd
operators such as µ̂α and ĤZee, which change the sign un-
der time inversion,2 will contain only odd powers of { S̃α}
in this decomposition. By contrary, the matrices correspond-
ing to time-even operators (HZFS), which are invariant under
time inversion, will contain only even powers of { S̃α}. In the

Secs. III–V we will give several examples of such decompo-
sitions.

Contrary to true spin operators Ŝα , the pseudospin oper-
ators S̃α can only be defined as matrices with respect to the
basis functions ! i, i = 1, . . . N or any their linear combina-
tions. In the pseudospin formalism the latter correspond to the
eigenfunctions |S̃M⟩, M = −S̃ · · · S̃ of the pseudospin oper-
ator S̃z. The major complication with the pseudospin descrip-
tion is that we can put in correspondence to pseudospin eigen-
functions any combination of {! i}, which means that the
pseudospin eigenfunctions are a priori undefined in terms of
ab initio (exact) wave functions of the complex. For compar-
ison, there is no ambiguity in defining a unique set of eigen-
states {|SM⟩} of a true spin operator Ŝz on the correspond-
ing manifold of states. This is the main difference between
the true physical operator Ŝz and the abstract operator S̃z.
Putting in correspondence different combinations of {! i} to
pseudospin eigenfunctions |S̃M⟩ will result in different pseu-
dospin Hamiltonians (different decompositions of µ̂α , ĤZee,
and HZFS into pseudospin matrices and their products), which
all will be equivalent in the sense of predictable quantities.
However, the real value of spin/pseudospin Hamiltonians is
that they serve as physical characteristics of the complexes by
concentrating in several parameters all their magnetic prop-
erties. To be suitable for such a purpose, these parameters
(g tensors, D tensors, etc.) and the pseudospin Hamiltonian
themselves should be uniquely defined with respect to a given
coordinate system attached to the complex. This requires a
unique pseudospin decomposition of relevant operators in a
given coordinate system which, at its turn, requires a unique
definition of pseudospin operators S̃α in this coordinate sys-
tem. The latter is equivalent with indicating a unique combi-
nation of ab initio wave functions {! i} which should be put
in correspondence to the eigenfunctions {|S̃M⟩} of S̃z in a
given coordinate system.

The natural constraints which should be imposed on the
linear combinations of {! i} to represent pseudospin eigen-
functions {|S̃M⟩} are the symmetry ones. Thus each linear
combination of {! i}, which is put in correspondence to a
particular pseudospin eigenfunction |S̃M⟩ should transform
under time reversal operation and point group symmetry op-
erations as a corresponding true spin eigenfunction |SM⟩. As
we mentioned in the introduction, the transformation prop-
erties under space rotations were especially used for phe-
nomenological constructions of pseudospin Hamiltonians.20

However, these constraints are not sufficient for a unique def-
inition of pseudospins if the symmetry of the complex is not
high enough, which is usually the case. In such situations we
can complete the assignment of pseudospin eigenfunctions
following the principle that the obtained pseudospin Hamil-
tonian should be equivalent in form with the phenomeno-
logical Hamiltonians used for the rationalization of exper-
imental data.44 According to this principle, our basic re-
quirement is that the part of Zeeman Hamiltonian which is
linear in pseudospin operators (described by the g tensor)
should acquire a diagonal form when written in a coordi-
nate system related to the main magnetic axes of the com-
plex. The corresponding phenomenological Zeeman Hamilto-
nians used, e.g., for the description of the EPR data are of the
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form2, 20

HZee = −µ̂iBi, µ̂i = −µBgi S̃i , (8)

where the magnetic field Bi is applied along the main mag-
netic axes, i = X, Y, Z. These are specific directions for which
the Zeeman splitting (or the corresponding gi factor) has an
extremum value, i.e., a maximum, a minimum, or a saddle
point. The spin Hamiltonians in (8) have a diagonal form,
with the magnetic moment operators µi “parallel” to the pseu-
dospin components Si for each of main magnetic axes. These
relations allows to define completely the pseudospin opera-
tors in this special coordinate system. Indeed, the relation (8)
for i = Z shows that the eigenfunctions of µ̂Z are automat-
ically eigenfunctions of S̃Z . This means that diagonalizing
the matrix of the operator µ̂Z , written in the basis of {! i}
(or their arbitrary combinations)46 will yield a unique set of
ab initio wave functions which should be put in one-to-one
correspondence to pseudospin eigenfunctions {|S̃M⟩}, M be-
ing the projection of pseudospin on the axis Z. Equations (8)
relate the subscripts of pseudospin operators to Cartesian axes
of the real space, i.e., fix the pseudospin coordinate system,
in which the components S̃i of the pseudospin vector S̃ are
defined, with respect to the real space coordinate system in
which µi are defined. One can say that although the orienta-
tion of pseudospin coordinate system with respect to the real
space coordinate system is a priori undefined, in the special
case (8) these two coordinate systems coincide.

The validity of described general rules for unique defini-
tion of pseudospins (and pseudospin Hamiltonians) is proven
by recovering the expected form of pseudospin Hamiltoni-
ans in the limiting cases of vanishing spin-orbit coupling
(S̃ → S), vanishing crystal-field splitting of atomic J-
multiplets in, e.g., lanthanide complexes (S̃ → J) and in
complexes with high enough symmetry.44 Besides, it can be
shown that the pseudospins defined according to these rules
transform under the rotations of pseudospin coordinate sys-
tem as true vectors.44 This means that the parameters of pseu-
dospin Hamiltonians will transform as true tensors under the
rotations of common coordinate system (for both µ̂ and S̃),
therefore, these Hamiltonians can be defined for any coordi-
nate system in full analogy with true spin Hamiltonians.

B. Explicitly correlated ab initio calculations
of mononuclear complexes

We consider complexes with arbitrary strength of spin-
orbit coupling effects which, generally, should be treated in a
non-perturbative way. Therefore, as a starting point we solve
a complete electronic Schrödinger equation of the complex
with spin-orbit coupling included in the full Hamiltonian Ĥ,

Ĥ!i = Ei!i , (9)

where i is a common index which numerates both different
multiplets (levels having different energies) and the degener-
ate components within one multiplet. The latter can be degen-
erate either due to high point symmetry of the molecules or
in complexes with odd number of electrons, where all mul-
tiplets are at least twofold degenerate in virtue of Kramers’
theorem.2

In practice, we find the solutions ! i in (9) in two steps.
First, we find the eigenfunctions of the Hamiltonian with-
out spin-orbit coupling (but with all scalar-relativistic terms
included), which are characterized by the total spin S and
its projection M. In the MOLCAS package39 this spin-free
wave functions are obtained in the complete active space
self-consistent field approach (CASSCF) and are denoted as
!CASSCF

rSM , where r numerates solutions with the same S (or
roots39). In the second step, spin-orbit interaction is taken
into account within the restricted active space state interac-
tion (RASSI) method, which uses the spin-free multiconfigu-
rational wave functions as input states. This gives the multi-
plet eigenstates ! i in (9) in the following form:

!i =
∑

rSM

cRASSI
i,rSM !CASSCF

rSM , (10)

where the admixture coefficients cRASSI
i,rSM are obtained via the

diagonalization of spin-orbit coupling matrix within RASSI.
We would like to emphasize that this approach allows to treat
the spin-orbit coupling effects in an essentially exact way, ir-
respective of the nature of the multielectronic wave functions
!CASSCF

rSM which can be, in particular, of strongly multiconfig-
urational character. This distinguishes the present approach
from traditional derivations of magnetic Hamiltonians based
on orbitally non-degenerate ground state molecular term and
second-order perturbational treatment of spin-orbit coupling.
The latter is only valid for complexes with weak spin orbit-
coupling effects.

For the description of magnetic properties of complexes
we will need the matrix elements of µ̂ between multiplet wave
functions, which reduce, according to Eq. (1), to the matrix
elements of Ŝ and L̂. These are expressed via the solutions
(10) as follows:

⟨!i |Ŝα|!j ⟩ =
∑

rS

∑

MM ′

(
cRASSI
i,rSM

)∗
cRASSI
j,rSM ′ (Ŝα)MM ′ ,

(11)
⟨!i |L̂α|!j ⟩ =

∑

rr ′

∑

SM

(
cRASSI
i,rSM

)∗
cRASSI
j,r ′SM

〈
!CASSCF

rSM

∣∣L̂α

∣∣!CASSCF
r ′SM

〉
,

where α denotes the Cartesian components. In the first equa-
tion, the matrix elements of the total spin are given by con-
ventional expressions,45

(Ŝz)MM ′ = MδMM ′ ,

(Ŝx)MM ′ = 1
2

√
(S + M)(S − M + 1)δM ′,M−1

+ 1
2

√
(S − M)(S + M + 1)δM ′,M+1, (12)

(Ŝy)MM ′ = − i

2

√
(S + M)(S − M + 1)δM ′,M−1

+ i

2

√
(S − M)(S + M + 1)δM ′,M+1.

In the second equation of (11), the matrix elements
⟨!CASSCF

rSM |L̂α|!CASSCF
r ′SM ⟩ do not depend on M and are provided

by the output of the MOLCAS calculation.
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III. THE PSEUDOSPIN S̃ = 1/2

This pseudospin corresponds to a Kramers doublet
which, according to the Kramers theorem, is always degen-
erate in the absence of applied magnetic field,2 i.e., there
is no zero-filed splitting for S̃ = 1/2. The quantum chem-
istry calculations give two wave function components of the
Kramers doublet !1 and !2 which are always Kramers con-
jugated up to a common phase, θ̂!1 ≡ !̄1 = eiϕ!2, where θ̂

is the operator of the time inversion.2 The S = 1/2 eigenfunc-
tions |SM⟩ transform under time inversion as follows: θ̂ |S1/2⟩
= |S − 1/2⟩, θ̂ |S − 1/2⟩ = −|S1/2⟩. We require that the
pseudospin eigenfunctions |S̃M⟩ obey the same time rever-
sal constraints. This fixes the phase in the relation between
!̄1 and !2 to ϕ = 0. Then the allowed unitary transforma-
tions of the functions !1 and !2 are described by the group
SU(2). Since this special unitary group is generated by three
independent parameters, the general form of the unitary trans-
formation in this case is isomorphic to the one corresponding
to rotations of pseudospin coordinate system. Therefore, we
can say that the wave functions !1 and !̄1 are already the two
eigenfunctions of the z-projection of the pseudospin S̃ = 1/2
in a pseudospin coordinate system with unknown orientation.
As discussed in Sec. II A, in order to relate this coordinate
system to the real space coordinate system we should find first
the main magnetic axes of the complex, where their axes co-
incide.

A. Zeeman pseudospin Hamiltonian

Practically, the magnetic axes can be found as follows.
We write the matrix of microscopic Zeeman Hamiltonian (4)
in an arbitrary basis (!1, !2) and diagonalize it for an arbi-
trary orientation of magnetic field, B =

(
ξx, ξy, ξz

)
B, where

ξα are directional cosines in the real space coordinate system
where µ̂ is defined (ξ 2

x + ξ 2
y + ξ 2

z = 1). The obtained eigen-
values look as follows:

EZee = −λB, λ± = ±
(

∑

αβ

ξαAαβξβ

)1/2

, (13)

where the new tensor A is defined as

Aαβ = −1
2

(|µαµβ | + |µβµα|),
(14)

|µαµβ | ≡
∣∣∣∣∣
(µα)11 (µα)12

(µβ)21 (µβ)22

∣∣∣∣∣ .

We can infer from above equations that all elements of this
tensor are real, while the diagonal matrix elements are always
positive. Besides, both indices in this tensor denote the Carte-
sian coordinates of the same real space coordinate system, i.e.,
it is a true tensor. Moreover, each Aαβ is invariant with respect
to unitary transformations of the basis set. Indeed, substituting
the second equation of (14) into the first one and comparing
the result with the trace of the product µαµβ written in the
basis of !1 and !2, we conclude

Aαβ = 1
2

Sp{µαµβ} = 1
2

N∑

i=1

N∑

j=1

(µα)ij (µβ)ji , (15)

where N = 2 in the present case. The trace of any operator is
known to be invariant with respect to unitary transformations
of the basis set,47 so is A, which is to be expected because
this tensor defines the Zeeman splitting of the Kramers dou-
blet, Eq. (13). Via an appropriate rotation of the real space
coordinate system,

⎛

⎜⎝
X

Y

Z

⎞

⎟⎠ = Rr ·

⎛

⎜⎝
x

y

z

⎞

⎟⎠ , (16)

the tensor A can be diagonalized,

Rr
−1ARr = Ãdiag ≡ {ÃXX, ÃYY , ÃZZ}, (17)

which brings the quadratic form under square root in Eq. (13)
into ÃXXξ 2

X + ÃYY ξ 2
Y + ÃZZξ 2

Z . Mathematically, this trans-
formation renders the equation for a three-dimensional ellip-
soid to its main axes, along which the above function has ex-
tremal values: a maximum, a minimum, and a saddle point.48

Since this function defines the Zeeman splitting via Eq. (13),
the latter will have extremal values along the axes X, Y, Z too.
Therefore, these are the main magnetic axes of the complex.

Remarkably, we were able to derive the orientations of
main magnetic axes only using the matrix elements of the
magnetic moment components supplied by quantum chem-
istry. The pseudospin Zeeman Hamiltonian will only include
terms linear in pseudospin,

µ = −µBg · S̃,
(18)

HZee = µBH · g · S̃.

Indeed, since µ̂α are given by 2 × 2 matrices they can be de-
composed in the basis of Pauli matrices, σ 0 and σβ , β = x,
y, z.47 µ̂α is a time-odd operator and therefore traceless, then
only the last three matrices can enter its decomposition, which
are employed in the form of s = 1/2 matrices: Sβ = 1

2σβ .47

Furthermore, the coefficients in this decomposition should be
real because Sβ are Hermitean matrices. The three real num-
bers of the decomposition of a given µα (gαβ in Eq. (18)) vary
independently under unitary transformations of the basis set
(!1, !̄1). On the other hand, diagonalizing (18) the eigenval-
ues of pseudospin Zeeman Hamiltonian can be expressed via
gαβ ,2

λ± = ± µB

2

(
∑

αβ

ξαGαβξβ

)1/2

, (19)

where Gαβ are the components of the Abragam-Bleaney
tensor,2

G = ggT , (20)

where T in the superscript means transponation. According to
the definition (20), both indices of Gαβ refer to the same real
space coordinate system, therefore G is a true tensor. Com-
paring the above equations with Eq. (13) we obtain

µ2
B

4
G = A. (21)

Equation (21) is equivalent with Gerloch-McMeeking
relation.49 It implies that both G and A can be brought
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simultaneously to the diagonal form by the rotation of the real
space coordinate system to the main magnetic axes (16). This
yields immediately the expression for the main components
of the g tensor,

gi = ± 2
µB

√
Ãii , i = X, Y,Z, (22)

where we have in mind that, according to Eq. (15), Ãii are
always positive. Apart from the sign, the above scheme al-
lows for nonperturbative calculations of the main g factors of
a Kramers doublet and has been implemented in two schemes
(i) by calculating the matrix elements (µα)ij directly26 or
(ii) by parametrizing first a ligand-field model.25, 50 In both
cases the ab initio calculations have been done within the SO-
RASSI-CASPT2 approach by using the MOLCAS package.39

Having found the main values gi, the whole g tensor in
the initial coordinate system can be obtained by an inverse
rotation,

g = RrgdiagRr
−1, gdiag ≡ {gX, gY , gZ}. (23)

We note that the above derivation is completely general,
i.e., does not involve any additional conditions like the sym-
metry of the complex and the strength of spin-orbit coupling.
This allowed for an accurate determination of the direction of
magnetic axes (16) and the main values of the g tensors (22)
for the Kramers doublets of strongly anisotropic complexes
containing cobalt and lanthanide metal ions.36–38 When the
symmetry is present, the determination of (part of) magnetic
axes can be done straightforwardly. For instance, if the com-
plex is characterized by one single twofold symmetry axis,
this will coincide with one of the main magnetic axes. Any
additional symmetry operation (higher order of the rotational
axis, another rotational axis or mirror plane) will allow to re-
solve for all three magnetic axes. For instance, in the case of
orthorhombic symmetry D2, the main magnetic axes lie along
the three twofold rotational axes, while in the case of C2v sym-
metry they lie along the twofold axis and in two perpendicular
mirror planes, respectively. In complexes with axial symme-
try, containing a main rotational axis of third order or higher,
the magnetic axes in the perpendicular plane will be degen-
erate, i.e., characterized by the same gi factors, because these
axes pass into each other under the symmetry rotations around
the main rotational axis. Finally, in the case of cubic symme-
try all three magnetic axes pass into each other under the sym-
metry operations, therefore, they are all degenerate, gi = g.

B. The sign of the main values of the g tensor

The two signs in (22) formally appear as two possible
solutions of the quadratic equation with respect to gi. The
choice of the sign is not a matter of convention,51 however,
it is not trivial and requires additional analysis as discussed
elsewhere.52

The indeterminacy of the signs of gi encountered above
is related to the fact that knowledge of magnetic axes alone
is not sufficient to assign unambiguously the two wave func-
tions !1 and !2 to pseudospin eigenfunctions. Indeed, diag-
onalizing the Zeeman Hamiltonian for a field applied along

the main magnetic axis Z we obtain two eigenfunctions !−
and !+, corresponding to the lowest and highest eigenvalue,
respectively, which due to the form of the pseudospin Hamil-
tonian for this field, HZee = gZS̃ZBZ , should be simultane-
ously eigenfunctions of the pseudospin operator S̃Z . How-
ever, we do not know how (in what order and with which
phases) !− and !+ should be assigned to |S̃ 1

2 ⟩ and |S̃ − 1
2 ⟩.

The time inversion cannot help here because the behaviour
of the wave functions under time inversion can be easily re-
versed by changing their phases. For instance, if we have
!− = θ̂!+ and !+ = −θ̂!− then for ! ′

± = i!± we will
have the opposite behaviour: ! ′

− = −θ̂! ′
+ and ! ′

+ = θ̂! ′
−.

Taking |S̃ 1
2 ⟩ = !− and |S̃ − 1

2 ⟩ = !+ with the phases of
!± adjusted to obey conventional time-reversal relations for
|S ∓ 1

2 ⟩,2 the unitary transformations of these wave two wave
functions corresponding to a rotation of pseudospin coordi-
nate system provide several other equivalent solutions. Note
that all these solutions should remain eigenfunctions of the
same operator S̃Z , i.e., be proportional to !+ and !−, and the
pseudospin axes corresponding to them should remain aligned
to the main magnetic axes of the complex. Then the only uni-
tary transformations allowed by these constraints are those in-
duced by rotations of the pseudospin coordinate system which
change the directions of some axes in opposite at most. Thus
we are left with only three transformations corresponding to
π -rotations of the coordinate system around one of its axes,
which always reverses the directions of two other axes. We
stress that we are speaking about the rotation of pseudospin
coordinate system which can thus have four parallel align-
ments with respect to the real space coordinate system. Each
of new alignments corresponds to the change of the sign of
two of the gi factors, so that their product remains unchanged.

The invariance of the sign of gXgYgZ with respect to re-
definition of pseudospin induced by the rotations of the pseu-
dospin coordinate system actually is not accidental because
it defines the direction of precession of magnetic moment
in magnetic field.51 The direction of this precession can be
probed directly in resonance experiments with circularly po-
larized radiation (Sec. II, Chap. III in Ref. 2). This was first
demonstrated for NpF6 in experiments using circularly polar-
ized light,53 where it was found gXgYgZ < 0. The sign of this
product was also deduced relative to the sign of the hyper-
fine coupling,51 in which way it was also found negative for
PaCl2−

6 .54 Later negative product of the gi factors was found
for UF−

6 in different environments by using circularly polar-
ized EPR.55 In all these examples the investigated complexes
were of cubic symmetry, in which case the sign of the product
of gi is equal to the sign of the common g factor. Therefore,
in this particular case not only the sign of the product of three
gi factors but also the sign of each of them has a physical
meaning.

The “measurability” of the sign of gXgYgZ also means
that it can be extracted directly from quantum chemistry cal-
culations like other observables for the complex. Indeed, the
following relation for the main values of the g tensor can be
proven:56

gXgZ

gY

= − i

µB

µXµZ − µZµX

µY

, (24)
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where µI are 2 × 2 matrices of magnetic moments along the
main magnetic axes of the complex, calculated in the basis of
ab initio multielectronic wave functions of the Kramers dou-
blet, and it is understood that the commutator in the numer-
ator, after performing the matrix multiplications, will give a
matrix ∼ iµY, so that the whole ratio in the right hand side is
a real number. Moreover, it does not matter in what basis of
!1 and !2 the matrices µi are written, the result of the eval-
uation of the right hand side (including the sign) will be in-
variant with respect to the used basis set. In practice, we only
need to evaluate one off-diagonal matrix element in the nu-
merator and denominator of (24). In the following examples
we will see that gXgYgZ < 0 is a usual feature of lanthanide
complexes.

If the symmetry of the complex is high enough, also
the sign of individual gI factors can be established, by us-
ing the equivalence of the symmetry transformations of the
wave functions of the Kramers doublet and of a true spin
S = 1/2.52 It was shown that this approach can be extended
to a unique definition of the signs of gI factors in com-
plexes without symmetry by using the principle of adiabatic
connection.52

C. Example: g tensors of Dy(III) complexes

A good example of pseudospin S̃ = 1/2 is, e.g., the
ground Kramers doublet of a Dy3 + ion in some arbitrary
ligand-field environment. The Dy3 + ion has the 4f9 electronic
configuration with the ground state multiplet 6H15/2 of mul-
tiplicity 2 × ( 15

2 ) + 1 = 16. In the presence of low symme-
try ligand field this multiplet splits into eight Kramers dou-
blets. The ground and excited Kramers doublets are described
by pseudospins S̃ = 1/2, each defined in the space of corre-
sponding wave functions !1 and !2.

As a first example we consider the recently investigated
DyZn3 complex (Fig. 1).57 Due to diamagnetic Zn2+ ions, the
DyZn3 complex is similar in respect to magnetic properties to
a mononuclear Dy complex, because its lowest energy spec-
trum reflects the lowest energy states on the central Dy3+ ion.
Ab initio calculations using MOLCAS program package39 were
performed for the experimental molecular structure (Fig. 1)
in order to determine the low-lying energy states and to in-
vestigate the magnetic properties. The details of calculations
are presented in the Appendix B 2. Table I shows the lowest
calculated energies, the g tensor of the lowest Kramers dou-

(a) (b)

gZ

gZ

FIG. 1. Orientation of the main magnetic axis Z (dashed line) in the ground
Kramers doublet of the DyZn3 complex with respect to the molecular frame.
Color scheme: Dy-violet, Zn-green, O-red, N-blue, C-grey. Hydrogens were
omitted for clarity.

TABLE I. Energies of the lowest spin-free states originating from the 6H
multiplet and the energies of the lowest Kramers doublets of the DyZn3
complex.

Atomic Spin Kramers
multiplet free states J multiplet doublets

0.000 0.000
29.141 41.656
88.324 75.414
95.610 217.659

173.780 6H 15
2

273.593
6H 192.913 298.865

365.422 343.111
387.092 391.886
497.258
538.556
581.656

Main values of the g tensor in the ground Kramers doublet
gX 0.105
gY 0.255
gZ 18.148
Sign of gXgYgZ +

blet and the sign of the gXgYgZ product. Figure 1 shows the
orientation of the main anisotropy axis Z with respect to the
molecular frame. On the basis of obtained energy spectrum,
the magnetization at low temperature and molar magnetic sus-
ceptibility were computed entirely ab initio and showed a
very good agreement with the experimental magnetic mea-
surements (Fig. 2 in Ref. 57), which proves the high accu-
racy of the calculated low-lying states and their magnetic mo-
ments. Substituting the latter into Eq. (24) gives the sign of
the gXgYgZ product for the ground Kramers doublet of DyZn3,
which turns out to be positive. One should mention that the
orientation of the main magnetic axis of the DyZn3 complex
(dashed red line in Fig. 1(a)) does not lie perpendicularly to
the Zn3 plane, which one could expect at a first glance due to
pseudo-trigonal symmetry of DyZn3 complex.

The sign of the product of the main values of g tensor
for Dy(III) complexes is not always positive. Thus, a recently
investigated58 mononuclear [Dy(H2DABPH)2]3+ complex,
considered here as a second example, shows a negative sign
of gXgYgZ in the ground state. The details of calculations
are presented in the Appendix B 2, Figs. 2 and 9. Table II
shows the lowest calculated energies, the g tensor of
the lowest Kramers doublet and the obtained sign of the
gXgYgZ product. Figure 2 shows the orientation of the main
anisotropy axis gZ with respect to the molecular frame
of [Dy(H2DABPH)2]3+ complex. We can see from Tables
I and II that the splitting patterns of the ground atomic
multiplet J = 15/2 are similar for both compounds. At the
same time the different sign of gXgYgZ product in their
ground states cannot be foreseen. These examples show
that in realistic low-symmetric lanthanide complexes it is
impossible to predict the magnetic properties of multiplets
with sufficient accuracy without applying high-level ab initio
calculations.
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(a) (b)

gZ

gZ

FIG. 2. Orientation of the main magnetic axis Z (dashed line) in the ground
Kramers doublet of the Dy(H2DABPH)2]3+ complex58 with respect to the
molecular frame. Color scheme: Dy-violet, O-red, N-blue, C-grey. Hydro-
gens were omitted for clarity.

D. Example: g tensor of Yb(III) complex

Consider now a mononuclear Yb(III) complex (Fig. 3).59

The electronic configuration of the Yb(III) free ion is 4f13,
while the ground ionic multiplet is 2F 7

2
, and the first excited

ionic multiplet 2F 5
2

lies higher than 10 000 cm−1. In the pres-
ence of ligand field the ground multiplet J = 7

2 splits into four
Kramers doublets. Although the spin of Yb(III) is S = 1/2, its
use for the description of resulting Kramers doublets would
not be correct because of strong (first-order) coupling of spin
and orbital angular momenta in the ground ionic term. Then
each Kramers doublet should be described by the pseudospin
S̃ = 1/2, as in the case of Dy(III) complexes. The results of
ab initio calculations performed for the slightly reduced frag-
ment (A) (Fig. 10) and for the molecular structure taken from
experiment (B) are given in Table III (see Appendix B 3 for
computational details). Figure 3 shows the orientation of the

TABLE II. Energies of the lowest spin-free states originating from the
6H multiplet and the energies of the lowest Kramers doublets of the
[Dy(H2DABPH)2]3+ complex,58 obtained in two computational approxima-
tions (A and B).

Spin free states Kramers doublets

Atomic multiplet A B J multiplet A B

0.000 0.000 0.000 0.000
7.301 6.529 64.260 24.797

95.452 61.366 86.449 56.448
126.993 106.179 101.357 79.022
167.608 139.779 6H 15

2
147.846 147.235

6H 246.595 260.620 184.127 179.535
271.443 285.356 282.633 253.169
320.089 317.569 439.944 404.120
378.706 359.937
600.803 578.172
641.538 616.895

Main values of the g tensor in the ground Kramers doublet
gX 0.032 0.155
gY 0.080 0.240
gZ 17.084 16.592
Sign of gXgYgZ − −

gX

gZ

gY

FIG. 3. Orientation of the main magnetic axes X, Y, and Z (dashed lines)
in the ground Kramers doublet of the Yb(III) complex59 with respect to the
molecular frame. Color scheme: Yb-sea green, O-red, N-blue, C-grey, H-
white. Distant hydrogens of the ligand were omitted for clarity.

main magnetic axes of the Yb(III) with respect to the molec-
ular frame.

As we can see from Table III, the ground ionic multi-
plet 2F 7

2
is strongly split by the ligand field, and therefore the

magnetic behaviour of this Yb(III) complex at low temper-
ature is entirely defined by the magnetic anisotropy of the
lowest Kramers doublet. The comparison between the cal-
culated and experimental molar magnetization at low tem-
perature is excellent,59 which allows us to conclude that the
ground Kramers doublet is well reproduced by the calcula-
tions. Table III shows that in contrast to Dy(III) complexes
considered above, the ground Kramers doublet is of easy-
plane type. The second remarkable feature is a unexpectedly
strong dependence of the hard axis g-factor on the details of
the two structural models, which only differ in the distant part
of the ligand surrounding Yb(III). Clearly such a sensitivity
will not be adequately described by any crystal/ligand field
approach.

TABLE III. Energies of the lowest spin-free states originating from the 2F
atomic multiplet and the energies of the lowest Kramers doublets of the stud-
ied Yb(III) complex,59 obtained in two computational approximations (A and
B).

Spin free states Kramers doublets

Atomic multiplet A B J multiplet A B

0.000 0.000 0.000 0.000
88.581 49.774 157.456 187.935

135.820 87.714 2F 7
2

356.766 300.026
2F 315.396 346.043 550.950 485.034

573.690 477.403 10 396.169 10 420.549
622.436 524.851 2F 5

2
10 522.190 10 484.847

656.668 572.017 10 832.461 10 768.123

Main values of the g tensor in the ground Kramers doublet
gX 3.599 3.209
gY 2.884 2.694
gZ 0.449 1.763
Sign of gXgYgZ − −
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a

b

c

FIG. 4. Zero-field splitting of the energy levels belonging to the pseudospin
S̃ = 1.

IV. THE PSEUDOSPIN S̃ = 1

This is the smallest (non-zero) pseudospin which arises
in systems with even number of electrons. Since in this case
the Kramers theorem2 does not apply, the N = 2S̃ + 1 = 3
states of this pseudospin split in the presence of spin-orbit
coupling into free separate energy levels, if the symmetry
of the complex is not high enough (Fig. 4). The quantum
chemistry calculations give three wave functions, !a, !b, and
!c corresponding to three energy levels in Fig. 4. Our goal
is to construct from these functions three pseudospin eigen-
functions in a general case, without making use of the sym-
metry of the complex. Since the three wave functions !a,
!b, and !c belong to non-degenerate energy levels, they are
essentially real, and therefore cannot obey the time inver-
sion relations expected for pseudospin eigenfunctions. Nev-
ertheless it is easy to construct from them three linear com-
binations, !1, !2, and !3 which fulfill the time inversion
relations expected for |S − 1⟩, |S0⟩, and |S1⟩ of a true S
= 1, respectively. These are !3 = θ̂!1 ≡ !̄1, !1 = θ̂!3, and
θ̂!2 = −!2 (!2 is real). It can be shown that these relations
impose Nθ = 6 constraints on the possible unitary transfor-
mations of the three wave functions.44 Given the total number
N2 = 9 of independent parameters describing general unitary
transformations of three wave functions, with time reversal
constraints we are left with N2 − Nθ = 3 free real parameters
to represent the possible unitary transformation of the pseu-
dospin wave functions. As a result the general form of the
unitary transformation is again isomorphic to the one induced
by the rotations of pseudospin coordinate system. Therefore,
as for S̃ = 1/2, we can say in this case too that the wave func-
tions !1, !2, and !3 are already the three eigenfunctions of
the z-projection of the pseudospin S̃ = 1 in a pseudospin co-
ordinate system with unknown orientation. As discussed in
Sec. II A, in order to relate this coordinate system to the real
space coordinate system we should find first the main mag-
netic axes of the complex.

A. Zeeman pseudospin Hamiltonian

To find the magnetic axes, as in the previous case of
S̃ = 1/2, we write the matrix of microscopic Zeeman
Hamiltonian (4) in an arbitrary basis (!1, !2, !3) and di-
agonalize it for an arbitrary orientation of magnetic field,
B =

(
ξx, ξy, ξz

)
B. The obtained eigenvalues look as follows:

EZee = −λB, λ± = ±
(

∑

αβ

ξαAαβξβ

)1/2

, λ0 = 0,

(25)

where the tensor A is defined in Eq. (15), in which the trace
is supposed to be taken now over the three states of the
S̃ = 1 manifold. It results from Eq. (25) that the amplitude
of the Zeeman splitting, λ+, is determined by the tensor A.
Therefore, the extremal values of this splitting will occur, as
in the case of S̃ = 1/2, along the main axes of this tensor.
Thus the main magnetic axes are obtained, in this case too,
via the diagonalization of A, Eq. (17).

In order to derive the Zeeman pseudospin Hamiltonian
appropriate to S̃ = 1 we should find the general form of mag-
netic moment matrix µα written in an arbitrary basis {! i}
obeying proper time inversion relations. As stated above,
the functions !1 and !3 are Kramers conjugated, there-
fore, for them the following relations are valid:2 ⟨!3|µ̂α|!3⟩
= −⟨!1|µ̂α|!1⟩ ≡ c, where c is a real parameter. Again,
due to the Kramers conjugation of these function we have:2

⟨!1|µ̂α|!3⟩ = 0. On the other hand, !2 is a real func-
tion for which we have: ⟨!2|µ̂α|!2⟩ = 0. The remaining
matrix elements between !1, 3 and !2 obey the relation:
⟨!3|µ̂α|!2⟩ = ⟨!2|µ̂α|!1⟩, which holds true because µ̂α is
a time-odd operator. These matrix elements are of general
form, ⟨!3|µ̂α|!2⟩ ≡ (a − ib)/

√
2, i.e., are parametrized by

two real parameters, a and b. Then the matrix µα , written in
the basis !3, !2, !1, is generally parametrized as follows:

µα =

⎛

⎜⎜⎝

c (a − ib)
√

2 0

(a + ib)
√

2 0 (a − ib)
√

2

0 (a + ib)
√

2 −c

⎞

⎟⎟⎠

= aS̃x + bS̃y + cS̃z, (26)

where S̃x , S̃y and S̃z in the right hand side are conventional S
= 1 matrices written in the usual order of eigenfunctions of
Ŝz, |1, 1⟩, |1, 0⟩, |1, −1⟩.45, 47 We may conclude that for S̃ = 1
the magnetic moment and the Zeeman Hamiltonian are oper-
ators linear in pseudospin, Eq. (18). The three real numbers of
the decomposition (26) of a given µα vary independently un-
der unitary transformations of the basis, as was also the case
for S̃ = 1/2.

Diagonalizing (18) for S̃ = 1 we obtain the eigenvalues
of the pseudospin Zeeman Hamiltonian as function of gαβ ,

λ± = ± µB

(
∑

αβ

ξαGαβξβ

)1/2

, λ0 = 0, (27)

where G is again the Abragam-Bleaney tensor (20).
Comparing (27) with Eq. (25) we obtain the relation

µ2
BG = A, (28)

which, being written in the coordinate system of main mag-
netic axes, gives the main components of the g tensor,

gi = ± 1
µB

√
Ãii , i = X, Y,Z, (29)

which are again, as in the case of S̃ = 1/2, defined up to the
sign.

This approach has been applied for the nonperturbative
calculations of the main gi values of the ground triplet in
a Ni(II) complex35 using the SO-RASSI-CASPT2 ab initio
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results obtained with the MOLCAS package39 (see Sec. IV C).
With the main values gi we can reconstruct the whole g tensor
in the intial coordinate system, Eq. (23).

The symmetry of the complex can help finding the main
magnetic axes directly, as in the case of Kramers doublet.
Again, gi = g for cubic symmetry groups, while in the case of
axial symmetry, i.e., in the presence of a symmetry axis of or-
der higher than two, the main values are g∥ along this axis and
g⊥ along each of the two perpendicular directions. For a lower
symmetry, even when the main magnetic axes are completely
resolved by it (see Sec. III A), all gi are generally different.

The indeterminacy of the sign in (29) has the same origin
as in the case of S̃ = 1/2 pseudospin, so the conclusions of
Sec. III B are entirely applicable for the pseudospin S̃ = 1
as well (one should replace there |S̃ ± 1/2⟩ by |S̃ ± 1⟩). In
particular, Eq. (24) for the sign of the product of the main
values of g tensor is also valid, if we understand now by µI the
3 × 3 matrices of magnetic moment components along the
main magnetic axes of the complex.

B. ZFS pseudospin Hamiltonian

Since the spin-orbit interaction is included already in the
ab initio calculation, the zero-field splitting of the pseudospin
triplet emerges simply as the relative energies E′

i = Ei − E0

of three ab initio eigenstates i = a, b, c in Fig. 1 measured
from their center of gravity E0 = (Ea + Eb + Ec)/3. The cor-
responding ZFS Hamiltonian is written as follows:

ĤZFS = E′
a|!a⟩⟨!a| + E′

b|!b⟩⟨!b| + E′
c|!c⟩⟨!c|, (30)

i.e., it is of diagonal form in the basis of these states.
Having assigned the (combinations of) ab initio wave

functions to pseudospin eigenfunctions |S̃M⟩, M = −1, 0, 1,
in some coordinate system, e.g., related to main magnetic axes
with the quantization axis Z, we can make the inverse unitary
transformation,

|!i⟩ =
∑

M

ciM |S̃M⟩, i = a, b, c (31)

and write the ZFS Hamiltonian (30) as a 3 × 3 matrix in the
basis of {|S̃M⟩},

(HZFS)MM ′ =
∑

i

E′
ic

∗
iMciM ′ . (32)

This matrix is defined by five independent parameters: two
of three energies E′

i (their sum is bound to zero) and three
parameters which induce the unitary transformation (31) (see
the beginning of this section).

The Hermitean matrix (32) can be decomposed in a bi-
linear combination of pseudospin matrices corresponding to
S̃ = 1, in a form similar to (6),

HZFS = S̃ · D · S̃. (33)

Indeed, since ĤZFS is a time-even operator, as any other
Hamiltonian in the absence of external magnetic field, it can
include only even powers of pseudospin operators because the
latter are time-odd2 (the constant term will not enter this de-
composition since it corresponds to the center of gravity of
ZFS levels which was set to zero). On the other hand, the

matrix D should be real and symmetric,44 and also traceless
since the center of gravity of E′

i is zero. Therefore, it is de-
fined by five independent parameters: two of three diagonal
elements and three off-diagonal elements from the upper tri-
angle. These parameters match the five degrees of freedom
contained in the definition of matrix (32) which proves the
form (33) of pseudospin ZFS Hamiltonian for S̃ = 1. Writing
the matrix of (33) in the basis of pseudospin eigenstates |S̃M⟩
and equating the obtained matrix elements to the correspond-
ing (HZFS)MM ′ from (32), provided by ab initio calculations,
we can express through them the elements Dαβ of ZFS tensor,

DZZ = −(HZFS)00,

DXX − DYY = (HZFS)1−1 + (HZFS)−11,

DXY = i

2
[(HZFS)1−1 − (HZFS)−11], (34)

DXZ = 1√
2

[(HZFS)01 + (HZFS)10],

DYZ = i√
2

[−(HZFS)01 + (HZFS)10],

where the Cartesian indices correspond to main magnetic axes
(note again, DXX + DYY + DZZ = 0).

Diagonalizing the tensor D with the elements (34) by
rotating the coordinate system to main anisotropy axes X′,
Y′Z′, we obtain for the ZFS Hamiltonian (33) the well-known
expression3, 4

HZFS = DS̃2
Z′ + E

(
S̃2

X′ − S̃2
Y ′

)
,

(35)

D ≡ 3
2
DZ′Z′ , E ≡ 1

2
(DX′X′ − DY ′Y ′).

Diagonalizing further HZFS given by Eq. (35) we obtain

ĤZFS = −2
3
D|!1⟩⟨!1| +

(
1
3
D + E

)
|!2⟩⟨!2|

+
(

1
3
D − E

)
|!3⟩⟨!3|, (36)

which coincides with the ab initio ZFS Hamiltonian (30) al-
beit it is not known a priori in what order one should assign
!1, !2, and !3 in the above equation to !a, !b, and !c in
Eq. (30). The six possibilities of such an assignment corre-
spond to six ways of labeling the main anisotropy axes by X′,
Y′, and Z′. The procedure described by Eqs. (31)–(35) not only
allows to find the main anisotropy axes but also fixes their la-
bels in a unique way (the X′, Y′Z′ axes are the closest to the X,
YZ, respectively).

Note that in contrast to the main values of the g tensor, the
signs of the main values of HZFS, D, and E, are firmly defined.
Note also that although in the +-tensor approximation2 the
main magnetic axes (XYZ) coincide with the main anisotropy
axes (X′Y′Z′), this is actually not the case even for complexes
which are in the weak spin-orbit coupling regime. This is ex-
emplified in Subsection IV C.

Finally, we would like to emphasize that the basis for
the above derivation of pseudospin ZFS Hamiltonian was the
preliminary assignment of combination of RASSI-SO wave
functions ! i, i = a, b, c to pseudospin eigenfunctions |S̃M⟩,
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which was done in Sec. IV A. This approach differs drasti-
cally from the theory of effective Hamiltonian.60, 61 The lat-
ter involves as a crucial step the projection of the chosen
eigenstates of the exact Hamiltonian onto a model space,
corresponding to eigenstates of some model (zeroth order)
Hamiltonian. Such an approach was recently applied to the
derivation of ZFS spin Hamiltonians by using eigenfunc-
tions of total spin and its projection as a model space.32 We
note that such a derivation is only adequate for complexes
with weak spin-orbit coupling effects (e.g., those of Ni(II)),
when the pseudospin can be approximately associated with
the total true spin of the complex. As a counterexample, in
Sec. IV we derive the pseudospin Hamiltonians for U(IV)
complexes characterized by the pseudospin S̃ = 1 which can-
not be associated at any rate with the total true spin due to
very strong spin-orbit mixing of the low-lying terms on this
metal ion. Such examples of complexes with strong and inter-
mediate spin-orbit coupling effects show that the philosophy
of effective Hamiltonian theory60, 61 cannot be applied for the
derivation of magnetic pseudospin Hamiltonians in principle.
At variance with the true spin, the pseudospin is an abstract
operator and one cannot indicate a priori a model space char-
acterized by a definite projection of pseudospin.

C. Example: g and D tensors of a Ni(II) complex

We consider here a previously investigated35 complex
[Ni-(HIM2-py)2NO3]NO3 (Ref. 62) (Fig. 5), which exhibits
a largest axial ZFS (E ≪ |D| in Eq. (35)) of the ground
S = 1 term among the known hexacoordinated Ni2 + com-
plexes. In order to investigate the magnetic anisotropy in this
complex we have performed ab initio calculations using the
MOLCAS-7.6 package. Computational details are given in the
Appendix B 4.

Table IV gives the energy of low-lying terms calculated
at CASSCF and more advanced multistate (MS) CASPT2 lev-
els. We can see from the table that the first excited term lies
at >8000 cm−1 above the ground one, which is one order
of magnitude larger than the spin-orbit coupling constant for
the Ni2 + ion.72 Given that the ground term is orbitally non-
degenerate we may conclude that the complex is in the weak
spin-orbit coupling regime. The multiplets arising from the
spin-orbit mixing of the MS CASPT2 states are listed in the
last column of Table IV. We can see that the calculations pre-
dict an almost axial ZFS of the ground S = 1 term of easy
plane type in full accord with experiment.62 Moreover, the
energy of the axial splitting is closely reproduced.

In order to get more quantitative insight we derive the
Zeeman and ZFS pseudospin Hamiltonians for this complex35

using the program SINGLE_ANISO. As discussed in
Sec. IV B, for S̃ = 1 HZee is linear in S̃ and is described by
the tensor g, while HZFS is bilinear in S̃ and is described by
the tensor D. We obtain for the main values of the g tensor
gX = 2.21, gY = 2.22, and gZ = 2.29. This gives the aver-
age value giso = 2.24 which compares well with the measured
value gexp = 2.20.62 The corresponding magnetic axes Xm, Ym,
Zm (Fig. (5)) are given in Table V with respect to the initial co-
ordinate system x, y, z (Fig. 5). The parameters describing the

TABLE IV. Energies of molecular terms and multiplets (E <20 000 cm−1)
of the Ni(II) complex.

Spin mult. CASSCFa MS CASPT2a RASSI-SOa

3 0.0 0.0 0.0
0.8
10.7

3 6952 8076 7989
8138
8150

3 9073 10 255 10 087
10 287
10 344

3 9394 10 612 10 646
10 692
10 702

1 18 082 14 050 13 879
1 18 356 14 320 14 137
3 14 069 15 138 14 873

15 063
15 315

3 14 359 15 744 15 770
16 133
16 314

3 15 145 16 543 16 853
16 972
17 043

aIn cm−1.

main values of D, Eq. (35), are calculated as D = −10.3 cm−1

and E = 0.4 cm−1, which compare very well with the exper-
imental values Dexp = −10.1 cm−1 and Eexp = 0.3 cm−1.62

The corresponding anisotropy axes Xa, Ya, Za, for which D is
diagonal, are given in the last three lines of Table V. As was
mentioned in Sec. IV B the labeling of the main anisotropy
axes should be chosen in a way that Xa, Ya, Za are kept as
close as possible to Xm, Ym, Zm, respectively. Following this
convention, the anisotropy axes obtained in the output of SIN-
GLE_ANISO have been rotated around Za by −90◦.

The obtained near axiality of the g and D tensors is rather
accidental, since it is not supported by an axial symmetry of
the complex. Indeed, the planes of the two HIM2-py ligands
make a dihedral angle of 82◦, which means that the coordina-
tion sphere of the Ni(II) center contains at most one approxi-
mate C2 symmetry axis that bisects the O–Ni–O angle, which
is not sufficient to claim axiality on the symmetry grounds. As
a result the direction of the main magnetic Zm (Fig. 5) is arbi-
trarily oriented, the same for the main anisotropy axis Za. As

TABLE V. Main magnetic and anisotropy axes of the Ni(II) complex.

x y z

Xm − 0.02 − 0.48 0.87
Ym 0.47 0.77 0.44
Zm − 0.88 0.42 0.21
Xa 0.29 0.41 0.86
Ya 0.25 0.84 − 0.48
Za − 0.92 0.35 0.15
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FIG. 5. Two views on the molecular structure of the Ni(II) complex.62 Molecular coordinate axes (x, y, z) are shown by black arrows. The ab initio calculated
main magnetic axes (Xm, Ym, Zm) are shown by green arrows and main anisotropy axes (Xa, Ya, Za) by purple arrows. Color scheme: turquoise Ni2 +; red O;
blue N; grey C; white H.

Table V shows the three magnetic axes do not coincide with
the three anisotropy axes, which is another consequence of
the lack of axial symmetry. Despite the fact that the zero-field
splitting is obtained in the range expected for weak spin-orbit
coupling regime, we note that the approach based on the +

tensor2, 43 is strictly speaking not applicable even in this case.
Indeed, as Table V shows, there is significant angle between
(Xa, Ya) and (Xm, Ym) axes in this complex.

D. Example: The ZFS and g tensors of U(IV)
fragments in UO2

The U4+ ion has 2 electrons in the 5f shell. The ground
atomic multiplet 3H4 of U4+ arises from antiparallel coupling
of S = 1 and L = 4 angular momenta in the ground term. In cu-
bic environment the 3H4 multiplet splits in several multiplets:
a ground triplet ,5 and an excited doublet ,3, a triplet ,4,
and a singlet ,1 (Fig. 6). Due to first-order coupling between
S and L, none of these momenta is conserved, even approx-
imately, while the states of the total angular momentum J =
4 are strongly split in the crystal. Therefore, the only way to

3H4

500

1000

1500

2000

0

E (cm )-1

FIG. 6. Ab initio calculated multiplets of the U4+ fragment of UO2, corre-
sponding to the 3H4 atomic multiplet for the undistorted lattice (column A in
Table VI).

describe adequately the ground triplet ,5 is to assign its three
wave functions to the eigenfunctions of a pseudospin S̃ = 1.

We have performed ab initio calculations of the
CASSCF/RASSI-SO/SINGLE_ANISO type using MOLCAS-
7.6 program package39 on three model U4+ fragments in
UO2. The first calculation (A) corresponds to the structure
of UO2 at room temperature (fcc fluorite lattice). The sec-
ond one (B) corresponds to the monoclinic distortion of the
oxygen sublattice, where the two opposite planes of oxygens
move towards each other (distortion of 2k type). The third
calculation (C) corresponds to a more complex distortion of
the oxygen sublattice (distortion of 3k type).88, 89 Computa-
tional details are presented in the Appendix B 5. Table VI
shows the calculated energies of the levels corresponding to
the atomic 3H4 multiplet for the three structures, and the g
and D tensors of the ground triplet ,5 of U4+ fragments.
Figure 7 shows the orientation of the main magnetic axes
and the main anisotropy axes with respect to the calculated
UO2 cluster. For the structure C a pure axial anisotropy is ob-
tained, while in the case of structure B a rhombic ZFS arises.
These differences are also seen for the calculated main values
of the g tensors (Table VI) and are obviously due to differ-
ent symmetries of U4+ environment in these two structures.
Accordingly a full magnetic isotropy is realised for the cubic
structure A.

V. HIGHER PSEUDOSPINS: IRREDUCIBLE TENSOR
DESCRIPTION OF PSEUDOSPIN HAMILTONIANS

We have seen in Subsections III A and IV A that the Zee-
man pseudospin Hamiltonian is linear in pseudospin opera-
tors for S̃ = 1/2 and 1, Eqs. (18) and (26), respectively. For
the pseudospin S̃ = 3/2 this decomposition acquires also third
order terms in pseudospin operators.2 The reason for such a
raising of the order of polynomial in S̃α is the increased di-
mension of the matrix of Zeeman Hamiltonian (for S̃ = 3/2
it is N = 2S̃ + 1 = 4), which cannot be decomposed only
in three matrices S̃α . The same can be said about the pseu-
dospin Hamiltonian HZFS. The polynomial decomposition in
S̃α for the pseudospin operators can be done, in principle, for
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TABLE VI. Energies of the lowest spin orbit states originating from the
3H4 multiplet of the U4+ ion in UO2 complex for undistorted structure (A)
and two different distortion types: 2k-type (B) and 3k-type (C) (in cm−1).

Spin-orbit energies

Ground multiplet A B C

0.000 0.000 0.000
0.006 17.940 0.000
0.058 36.953 33.015

1496.522 1503.205 1503.115
1496.542 1519.187 1503.115

3H4 1665.009 1659.873 1668.372
1665.029 1692.243 1668.372
1665.047 1697.471 1692.863
1796.323 1805.147 1797.920

gI The g tensor of the ground ,5 triplet (S̃ = 1)
gX 1.907 1.859 1.877
gY 1.907 1.906 1.877
gZ 1.907 1.949 1.959
Sign of gXgYgZ + + +

The ZFS tensor for the ground ,5 triplet (S̃ = 1)
DX 0.000 18.298 11.005
DY 0.000 0.357 11.005
DZ 0.000 − 18.655 − 22.010
D 0.000 − 27.983 − 33.015
E 0.000 8.970 0.000

arbitrary pseudospins by applying the same procedure which
lead to Eq. (26). This is, however, quite tedious already for
S̃ = 3/2 and, more importantly, not at all systematic. For in-
stance, following this procedure we cannot foresee that the ad-
ditional terms beside the linear in the decomposition of µ for
S̃ = 3/2 should be only of third and not of higher order, e.g.,
fifth. The situation becomes worse for higher pseudospins.

In the theory of angular momentum a powerful tech-
nique based on irreducible tensor operators (ITO) (Ref. 45)
is widely applied to manage multiples and powers of angu-
lar momentum operators (Sα , Lα , or Jα). The ITO which are
used here are operators transforming under the rotations of

the coordinate system as spherical harmonics Ylm(r/r) and,
therefore, are similar combinations of the angular momentum
operators (Ylm(S), Ylm(L), Ylm(J)). Among many advantages,
the ITO technique allows the application of Wigner-Eckart
theorem2, 3, 45 (in Eq. (A1) Tkq ∼ Ykq(J)). Formally, the appli-
cability of Wigner-Eckart theorem does not require the cor-
rect transformation properties of these operators with respect
to real space rotations but only that they form the combina-
tions Yκq(Ĵ) from the operators Ĵα and that the latter act on
the basis functions |JM⟩ as corresponding angular momen-
tum operators (i.e., Ĵα written in the basis of these functions
coincide with corresponding angular momentum matrices Jα).
This means that we can apply the Wigner-Eckart theorem also
for the “irreducible” combinations Ynm(S̃) of pseudospin ma-
trices S̃α , for which no rotations of pseudospin vector S̃ in-
duced by real space rotations are assumed to exist (as in com-
plexes with low symmetry). The combinations Ynm(S̃) can,
however, be viewed as true irreducible tensors when their
transformations are considered with respect to the rotations in
the pseudospin space, induced by the unitary transformations
of the basis set.

A. ITO decomposition of Zeeman and ZFS
pseudospin Hamiltonians

We further consider the decomposition of HZee (or µ)
and HZFS into {Ynm(S̃)}. We remind that the matrices of these
Hamiltonians are written in the basis of combinations of ab
initio eigenfunctions of a chosen manifold, {! i}, obeying the
appropriate time inversion relations and assigned to |S̃M⟩,
eigenfunctions of the matrix S̃z. According to Wigner-Eckart
theorem, Eq. (A1), the matrix elements of Ynm(S̃) are pro-
portional to the corresponding Clebsch-Gordan coefficients
CS̃M1

nmS̃M2
, for which the sum of any two momenta among the

three indices (n, S̃ and S̃) should not be smaller than the
third one.45, 47 As a particular consequence of this rule we ob-
tain n ≤ 2S̃. This means that only irreducible tensors whose
rank n does not exceed 2S̃ will enter the decomposition of
the Hamiltonian matrices. Since HZee and µ are time-odd

x
y

z

Xm

Ym

Zm

Xa

Ya

Za

Xa

Ya

Za

x
y

z

Xm

Ym

Zm

(a) (b)

FIG. 7. Orientations of the main magnetic axes (Xm, Ym, Zm) and the main anisotropy axes (Xa, Ya, Za) with respect to the unit cell of the distorted UO2 of
2k-type (a) and 3k-type (b).
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TABLE VII. Tensorial decomposition of Zeeman and ZFS pseudospin
Hamiltonians.

S̃ HZee = −µ · B HZFS

1
2 µ1 . . .
1 µ1 H2

3
2 µ1 + µ3 H2

2 µ1 + µ3 H2 + H4

5
2 µ1 + µ3 + µ5 H2 + H4

3 µ1 + µ3 + µ5 H2 + H4 + H6

7
2 µ1 + µ3 + µ5 + µ7 H2 + H4 + H6

operators, while HZFS is a time-even operator, only odd-rank
irreducible tensors will enter the decomposition of the form-
ers and only even-rank irreducible tensor will contribute to
the latter. The tensorial decomposition of Zeeman and ZFS
Hamiltonians is given in Table VII.

The above results immediately explain why we can only
have terms of order not higher than three in the pseudospin
operator of magnetic moment corresponding to S̃ = 3/2. In-
deed, three is the highest rank which does not exceed 2S̃ =
3. More than that, we may conclude in advance that we have
in a general case seven third order operators in such decom-
position: this is the total number of irreducible tensor oper-
ators Y3m(S̃), m = −3, . . . 3. Together with the linear terms
in S̃α , from which components of first rank tensor Y1m(S̃), m
= −1, 0, 1 can be constructed (see Eq. (A2)), we obtain ten
irreducible tensor components in the general decomposition
of µα .

In practice, the (pseudo)spin Hamiltonians are written in
terms of Stevens operators O± m

n ∼ Y ± m
n , m ≥ 0 (Ref. 73)

which do not include the normalization coefficient of spher-
ical harmonics. The spherical harmonics operators them-
selves are not Hermitean but obey the relations45 (Y+m

n )†

= (−1)mY−m
n . Therefore, it is convenient to use instead of

O± m
n their Hermitean combinations,73

Om
n = 1

2

(
(−1)mO+m

n + O−m
n

)
,

(37)

.m
n = i

2

(
O−m

n − (−1)mO+m
n

)
,

because in this case the decomposition coefficients are real
(note that .0

n = 0). In terms of Hermitean Stevens operators
the matrix of magnetic moment is decomposed as follows:

µα = µ1
α + µ3

α + µ5
α + · · · ,

(38)

µn
α =

n∑

m=0

(
bα

nmOm
n + cα

nm.m
n

)
,

and the ZFS Hamiltonian has the form

HZFS = H2
ZFS + H4

ZFS + H6
ZFS + · · · ,

(39)

Hn
ZFS =

n∑

m=0

(
enmOm

n + fnm.m
n

)
.

Next we should find the decomposition coefficients in
Eqs. (38) and (39). Using the projection property of irre-

ducible tensor operators,45

Sp{TκpTνq} ∼ δκ,νδp,−q, (40)

we obtain

bα
nm =

Sp
{
µαO+m

n } + (−1)mSp
{
µαO−m

n }
Sp

{
O+m

n O−m
n }

,

cα
nm = −i

Sp
{
µαO+m

n

}
− (−1)mSp

{
µαO−m

n

}

Sp
{
O+m

n O−m
n

} ,

(41)

enm =
Sp

{
HZFSO

+m
n

}
+ (−1)mSp

{
HZFSO

−m
n

}

Sp
{
O+m

n O−m
n

} ,

fnm = −i
Sp

{
HZFSO

+m
n

}
− (−1)mSp

{
HZFSO

−m
n

}

Sp
{
O+m

n O−m
n

} .

To evaluate the traces in these expressions we should
multiply the entering matrices (of the dimension 2S̃ + 1) and
sum up the diagonal elements of the resulting matrix. The
matrices of O± m

n are tabulated in several textbooks (e.g., in
Refs. 2 and 20) and other versions of these operators have also
been proposed in the last years.74, 75 We can evaluate the co-
efficients (41) in a simple way if define the Stevens operators
O± m

n to be proportional to Y ± m
n with the same proportionality

coefficient kn for all m. For instance, we can extract this coef-
ficient from the relation Y 0

n = knO
0
n , where O0

n is the original
Stevens operator (see Table XV in Ref. 2 or Appendix V in
Ref. 20), and define the other Stevens operators as follows:

O± m
n = 1

kn

Y ± m
n . (42)

For these operators we can apply the Wigner-Eckart theorem
(A1) for the evaluation of their matrix elements,

⟨S̃M|O± m
n |S̃M ′⟩ = ⟨S̃ ∥ On ∥ S̃⟩CS̃M

n± mS̃M ′ ,
(43)

⟨S̃ ∥ On ∥ S̃⟩ = ⟨S̃S̃|O0
n |S̃S̃⟩

CS̃S̃
n0S̃S̃

= (−1)2S̃+n O0
n(S̃)

√
2S̃ + 1

×
√

(2S̃ − n)!(2S̃ + n + 1)!

(2S̃)!
,

where O0
n(S̃) is the Stevens operator O0

n in which the spin ma-
trix S̃z (the only spin operator) is replaced by the number S̃.
With the reduced matrix element given in (43) the denomina-
tor in Eqs. (41) also simplifies,45

Sp
{
O+m

n O−m
n

}
= 2S̃ + 1

2n + 1
|⟨S̃ ∥ On ∥ S̃⟩|2. (44)

1. Zeeman g tensors for arbitrary pseudospins

For the first rank contribution to the magnetic moment
we will keep the conventional representation via the g tensor,

µ1
α = −µB

∑

γ

gαγ S̃γ , (45)
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which is derived as follows. Multiplying (45) by a similar
expression for µ1

β and taking the trace from the both sides
we obtain the following expression for the Abragam-Bleaney
tensor (20):

µ2
BG = 6

S̃(S̃ + 1)(2S̃ + 1)
A1, (46)

which is a generalization of the previous expressions for small
pseudospins, Eqs. (21) and (28), over arbitrary S̃. The tensor
A1 is defined as

A1
αβ = 1

2
Sp

{
µ1

αµ1
β

}
, (47)

i.e., has a similar form as the tensor A in Eq. (15) but in-
volves only first rank components of the magnetic moment.
In deriving Eq. (46) we made use of known expressions for
the trace of the products of spin operators.20, 45 Having found
the Abragam-Bleaney tensor the main magnetic axes corre-
spond to a coordinate system where G or, equivalently, A1 is
diagonal and are found by their diagonalization (cf. Eq. (17)),

Rr
−1A1Rr = Ã1

diag ≡
{
Ã1

XX, Ã1
YY , Ã1

ZZ

}
, (48)

while the main components of the g tensor are given by the
expressions (cf. Eqs. (22) and (29))

gi =
√

Gii = ± 6

µBS̃(S̃ + 1)(2S̃ + 1)

√
Ã1

ii , i = X, Y,Z,

(49)
which are again, as in the case of small pseudospins, defined
up to the sign.

2. ZFS D tensors for arbitrary pseudospins

The second rank contribution to the ZFS pseudospin
Hamiltonian, H2

ZFS, can be expressed as usually via the ZFS
D tensor. We define the second rank Stevens operators O± m

2
via the relation (42) with k2 =

√
5/16π , which gives for O0

2
the original definition2, 20, 73 and via Eqs. (37) – the following
Hermitean operators:

O0
2 = 3S̃

2
z − S̃(S̃ + 1), O1

2 =
√

3
2

(S̃zS̃x + S̃x S̃z),

O2
2 =

√
3
2

(
S̃

2
x − S̃

2
y

)
, (50)

.1
2 =

√
3
2

(S̃zS̃y + S̃y S̃z), .2
2 =

√
3
2

(S̃x S̃y + S̃y S̃x).

These expressions (except O0
2 ) differ from the originally

defined2, 20 only by coefficients in front of brackets. Substitut-
ing them into Eq. (39) for H2

ZFS and comparing the resulting
ZFS Hamiltonian with its usual formulation (33) in terms of
the D tensor, we can relate its elements to the decomposition
coefficients in (39),

Dxx =
√

3
2
e22 − e20, Dyy =−

√
3
2
e22 − e20, Dzz = 2e20,

Dxz = Dzx =
√

3
2
e21, Dyz = Dzy =

√
3
2
f21, (51)

Dxy = Dyx =
√

3
2
f22.

Using the ab initio ZFS matrix (32), defined now for arbitrary
S̃, we can express via its elements the decomposition coeffi-
cients e2m and f2m by applying Eqs. (41), (43), and (44). Then
substituting the obtained expressions into (51) we finally
obtain

Dxx − Dyy = 2

√
3
2
KS̃

∑

M

(
(HZFS)M−2MCS̃M

22S̃M−2

+ (HZFS)M+2MCS̃M
2−2S̃M+2

)
,

Dzz = 2KS̃

∑

M

(HZFS)MMCS̃M
20S̃M

,

Dxz = Dzx =
√

3
2
KS̃

∑

M

(
− (HZFS)M−1MCS̃M

21S̃M−1

+ (HZFS)M+1MCS̃M
2−1S̃M+1

)
, (52)

Dyz = Dzy = −i

√
3
2
KS̃

∑

M

(
(HZFS)M−1MCS̃M

21S̃M−1

+ (HZFS)M+1MCS̃M
2−1S̃M+1

)
,

Dxy = Dyx = −i

√
3
2
KS̃

∑

M

(
(HZFS)M−2MCS̃M

22S̃M−2

− (HZFS)M+2MCS̃M
2−2S̃M+2

)
,

where

KS̃ = (−1)2S̃ 5

(2S̃ + 1)
√

S̃(S̃ + 1)(2S̃ − 1)(2S̃ + 3)
,

(53)
and we have in mind that the tensor is traceless, Dxx + Dyy

+ Dzz = 0. Substituting S̃ = 1 and the corresponding
Clebsch-Gordan coefficients into the above equations one can
check that they reproduce the expressions (34) for the D ten-
sor of a triplet (in order to make this comparison we should
use the relations (HZFS)0−1 = −(HZFS)10 and (HZFS)−10

= −(HZFS)01 valid for S̃ = 1). In a similar way we obtain the
expressions for Dαβ corresponding to higher pseudospins.

3. Symmetry aspects

The symmetry of the complex imposes constraints on
the form of pseudospin Hamiltonian. The use of ITO greatly
simplifies the task of constructing symmetry-invariant pseu-
dospin Hamiltonians because the transformation properties of
Y ± m

n (and Om
n and .m

n ) are well-known and documented in
many textbooks, also the allowed forms of pseudospin Hamil-
tonians (see, e.g., in Ref. 20). For instance, the projection of
the magnetic moment corresponding to S̃ = 3/2 on the tetrag-
onal axis Z of a cubic complex will only include the operators
O0

1 (=S̃Z) and O0
3 ,73

O0
3 = 5S̃

3
Z − (3S̃(S̃ + 1) − 1)S̃Z, (54)

because all other first and third rank ITOs will not be invariant
under symmetry operations which leave S̃Z unchanged. Thus,
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µZ (and the other two components) is parametrized by only
two real parameters. We stress that by applying the procedure
given by Eqs. (38)–(41) we obtain automatically the neces-
sary symmetry form of the pseudospin Hamiltonians because
the corresponding ab initio ZFS and magnetic moment oper-
ators already include the effect of the symmetry. The simplest
form of resulting pseudospin Hamiltonians is achieved in a
coordinate system with axes parallel to the main axes of the
tensor A1 in (47) because the latter always coincide with the
symmetry axes of the complex.

B. Approximate definition of pseudospin for S̃ ≥ 3/2

The application of the described ITO technique for the
construction of pseudospin Hamiltonians does not require, as
a prerequisite, a rigorous assignment of ab initio wave func-
tions to pseudospin eigenfunctions. The only constraint im-
posed on the basis set {! i} is that it should obey proper time
reversal requirements specific to a given pseudospin. Con-
structing such a basis set from the ab initio wave functions
of a chosen manifold does not pose any problems (such a set
is obtained automatically via the diagonalization of any µ̂α).
Hence, in order to construct unique pseudospin Hamiltonians,
we should use in the corresponding expressions of Sec. V A
the matrices S̃α written in the basis of unique combinations of
! i which should be put in correspondence to the pseudospin
wave functions in a given coordinate system (see Sec. II A).

In order to find such combinations of {! i} one needs first
to identify a matrix operator (written in the basis of {! i})
which would correspond to any of S̃α or their linear (Her-
mitean) combination. Diagonalizing such a matrix will give
us by definition a matrix S̃z′ , corresponding to pseudospin
projection on some unknown direction z′,76 and (as eigen-
functions) the combinations of {! i} which can be put in cor-
respondence to |S̃M⟩, with M being the projection of pseu-
dospin on z′. Defining the three pseudospin matrices in this
basis, we can project out the first-rank contributions µ1

α from
ab initio matrices of magnetic moment operators µα and then
to construct the tensor A1, Eq. (47). Diagonalizing the latter,
Eq. (48), will yield the directions of the main magnetic axes
X, Y, Z, and, finally, the eigenfunctions of µ1

Z will define the
pseudospin in a unique way (see Sec. II A). This approach
works automatically in the case of S̃ = 1/2 and 1 because
then the magnetic moment operators {µα} are already linear
combinations of {S̃β}, which allows us to use directly the ten-
sor A in Eq. (15) to find the main magnetic axis and define the
pseudospin as described in Secs. III and IV.

In the case of S̃ ≥3/2 higher tensorial components en-
ter the decomposition of magnetic moments (see Table VII),
therefore, we should first separate from µα the matrix corre-
sponding to µ1

α only. In a general case, this is not possible
because the projection (41) can only yield the necessary first
rank tensors if the matrix µα is already written in the basis
of suitable combinations of ab initio wave functions which
can be assigned to |S̃M⟩ in any coordinate system. Indeed, if
we rewrite any first rank operator, e.g., the matrix S̃z′ in a new
basis set corresponding to arbitrary unitary transformations of
|S̃M⟩ allowed by time inversion constraints then the resulting

matrix will contain in its decomposition (41) not only matri-
ces corresponding to the first rank but also to third and higher
rank tensors depending on the size of pseudospin S̃. The out-
lined problem is actually the major one for the definition of
pseudospin in a general case and will be tackled separately.44

Although not applicable for the identification of pseu-
dospin in a general case, the described ITO procedure can be
used for approximate definition of pseudospin and construc-
tion on this basis of pseudospin Hamiltonians, in the cases
when first rank tensor contributions to the magnetic moment
can be considered dominant. This is certainly the case of weak
and sometimes intermediate spin-orbit coupling effects, and
therefore the method described in this subsection should be
applicable to the majority of transition metal complexes, some
lanthanide, e.g., Gd(III), and actinide containing complexes.

In the decomposition of magnetic moment operators (38),
consider µ1

α to be quantities of zeroth order and µn
α , n ≥ 3, of

first order of smallness. Then using the relation (40) we can
calculate the tensor A defined in Eq. (15) as follows:

Aαβ = 1
2

Sp
{
µ1

αµ1
β

}
+ 1

2
Sp

{
µ3

αµ3
β

}
+ 1

2
Sp

{
µ5

αµ5
β

}
+ · · · .

(55)
The first term in the right hand side of this equation is just
A1

αβ , Eq. (47), a quantity of zeroth order of smallness, while
all other terms are quantities of second order of smallness.
Then the higher rank contributions can be considered negli-
gible and we can equate in a good approximation the tensor
A1 with A which is calculated by substituting the ab initio
matrices µα in Eq. (15). Then using Eq. (46) we can find
the Abragam-Bleaney tensor, which yields the main magnetic
axes X, Y, Z after diagonalization, Eq. (48).

In the next step, we construct the matrix corresponding
to the magnetic moment along the main magnetic axis Z,

µZ =
∑

α

(
Rr

)
Zα

µα, (56)

written in arbitrary basis of ab initio wave functions, which
after diagonalization gives approximate eigenfunctions of S̃Z .
Note that since the effects of spin-orbit coupling are not con-
sidered to be strong, there is no problem with the signs of the
gi factors (and with the assignment of the eigenfunctions of
µZ to |S̃M⟩) – they are always positive.

Having established the suitable combinations of ab ini-
tio wave functions which can be put in correspondence to
eigenfunctions of S̃Z , we rewrite in their basis the ab initio µα

and H̃ZFS matrices and apply the projection (41) to construct
the corresponding pseudospin Hamiltonians in the ITO repre-
sentations via Eqs. (38) and (39). For the first rank contribu-
tion to the magnetic moment (and to the H̃Zee) we can apply
again Eqs. (47)–(49) to obtain its description via the g tensor,
while for the second rank contribution to H̃ZFS we can apply
Eqs. (52) and (53) to calculate the D tensor.

It follows from the construction of this procedure that the
relative errors in the definition of pseudospin Hamiltonians
(compared to the case of a rigorous definition of pseudospin)
are of the first order of smallness. This means that the proce-
dure is quite reliable for the case of complexes with weak and
intermediate spin-orbit coupling effects.
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(a) (b)

gX
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gY

gX

gZ

gY

FIG. 8. Orientation of the main magnetic axes (Xm, Ym, Zm) (dashed line) of
the ground quartet (pseudospin S̃ = 3/2) of the Tpt-Bu,MeCoCl complex with
respect to the molecular frame shown from a side (a) and along the threefold
axis (b). Color scheme: Co-cyan, N-blue, C-grey, B-pink. Hydrogens were
omitted for clarity.

C. Example: D, g and higher rank Zeeman tensors
for a high-spin Co(II) complex

An example of a pseudospin S̃ = 3/2 is offered by the
Co(II) ion in a pseudo-tetrahedral environment. The elec-
tronic configuration of Co(II) is d7, while in a tetrahedral
ligand field the ground electronic state is an orbitally non-
degenerate quartet 4A2. For a symmetry lower than cubic, the
mixing of ground and excited molecular terms through the
spin-orbit interaction leads to a zero-field splitting of the 4A2

quartet in two Kramers doublets, with relatively small energy
separation. In such a situation, an applied magnetic field will
mix efficiently both Kramers doublets, so the Zeeman split-
ting seen, e.g., in EPR measurements should be rationalized
by the pseudospin S̃ = 3/2.

Krzystek et al.90 have studied experimentally a series of
mononuclear Co(II) complexes where the metal ion is tetra-
hedrally coordinated, while preserving the local symmetry
around the metal ion close to C3v (Fig. 8). Due to relatively
small zero-field splitting in these complexes, it was possible
to perform high-field EPR for them, which were rationalized
using the “spin” Hamiltonian S=3/2.90 We have studied the
magnetic anisotropy in one complex from this series, the
Tpt-Bu,MeCoCl (Fig. 8), using the ab initio methodology devel-
oped in Sec. V (see Appendix B 6 for computational details).
Table VIII shows the energies of the obtained low-lying
molecular terms and Kramers doublets, while Table IX shows
the g and D tensors corresponding to the lowest two Kramers
doublets described by the pseudospin S̃ = 3/2.

TABLE VIII. Energies of the lowest spin-free states and the energies of the
lowest spin-orbit Kramers doublets of the Tpt-Bu,MeCoCl complex.

Spin free states Kramers doublets
Atomic Exp.
term CASSCF MS-CASPT2 CASSCF MS-CASPT2 (Ref. 90)

4A2 0.000 0.000 0.000 0.000
1975.721 1895.580 31.991 29.004 23.04

4T2 1976.235 1923.913 1843.672 1702.771
4740.192 4183.332 2037.927 1927.403
5486.174 5472.280 2150.638 2102.722

4T1 5486.650 5706.704 2311.952 2311.918
9592.976 10 783.282 4885.872 4338.544

TABLE IX. Main values and main axes of the g and D tensors of the
Tpt-Bu,MeCoCl complex.

Using CASSCF/RASSI results

gI Xm Ym Zm

gX 2.4259 0.6033 − 0.7974 0.0004 2.35
gY 2.4258 − 0.7974 − 0.6033 − 0.0000 2.35
gZ 2.2585 − 0.0002 0.0002 0.9999 2.24
Sign of gXgYgZ +

DI Xa Ya Za

DX − 5.336 0.6119 − 0.7909 0.0004
DY − 5.321 − 0.7909 − 0.6119 − 0.0001
DZ 10.657 − 0.0003 0.0003 0.9999
D 15.986 11.52
E − 0.007 0.141

Using MS-CASPT2/RASSI results

gI Xm Ym Zm

gX 2.4087 − 0.3247 0.9375 0.1244 2.35
gY 2.3887 − 0.9443 − 0.3287 0.0121 2.35
gZ 2.2700 0.0523 − 0.1136 0.9921 2.24
Sign of gXgYgZ +

DI Xa Ya Za

DX − 5.550 − 0.2530 0.9526 0.1684
DY − 4.080 − 0.9646 − 0.2617 0.0313
DZ 9.631 0.0739 − 0.1546 0.9852
D 14.446 11.52
E − 0.735 0.141

As we can see from Table VIII, the ground quartet state
4A2 is well separated from the lowest excited states by a gap
of ca. 2000 cm−1. Both excited orbital triplets are split as 4E
+ 4A in axial symmetry. The spin-orbit constant (ζ ) of the
Co(II) free ion is about 400–450 cm−1,72 which means that
the mixing of the excited states through the spin-orbit cou-
pling will be relatively small for this complex. Indeed, the
zero field splitting of the ground quartet state 4A2 is obtained
as 29–32 cm−1, which is close to the experimental value of
23.04 cm−1. The g tensor of the ground state pseudospin S̃

= 3/2 compares well with the experimental values.
The calculated higher rank terms for the Zeeman pseu-

dospin Hamiltonian are given in Table X. The results show
that the third rank terms, allowed for S̃ = 3/2 (see Table VII)
are much smaller than the conventional first order contribu-
tions, which is what to be expected because the spin-orbit
coupling effects are not strong in this complex.

An important aspect revealed by Tables VIII and IX
is that the dynamical correlation treated here within MS
CASPT2 method,65 while reducing the energy gap between
the lowest Kramers doublets (the ZFS), induces an artificial
splitting of the excited 4E orbital doublets, which destroys the
equivalence of the gX and gY components of the g tensor ex-
pected in trigonal symmetry. The same happens to the DX and
DY components of the D tensor meaning that the MS CASPT2
results should be treated with caution. This drawback can be
in principle overcome by going beyond the MS CASPT2 ap-
proximation, e.g., by treating the dynamical correlation varia-
tionally like in the difference dedicated configuration interac-
tion (DDCI) approach.91 However, for the present relatively
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TABLE X. Calculated parameters of 3rd rank Zeeman tensor, bα
3m and cα

3m

(Eq. (41)) for the Tpt-Bu,MeCoCl complex.

m α bα
3m cα

3m

x 0.0000077793 0.0000000000
0 y 0.0000004825 0.0000000000

z − 0.0023959922 0.0000000000
x − 0.0010906510 0.0000000000

1 y − 0.0000037666 − 0.0010954168
z 0.0000000000 0.0000000000
x − 0.0063995409 0.0019040963

2 y 0.0019026788 0.0064103986
z 0.0000000000 − 0.0000000000
x − 0.0000007166 − 0.0000001368

3 y 0.0000006361 0.0000053052
z − 0.0000000000 0.0000000000

large compound such calculations would be much more de-
manding than MS CASPT2.

One can see from Table IX that the main magnetic axes
(Xm, Ym, Zm) are obtained very close to the main anisotropy
axes (Xa, Ya, Za) which is the result of high symmetry of the
complex. In particular, the axes corresponding to gZ and DZ

are almost parallel to the symmetry axis C3 of the complex
(Fig. 8). The calculated D and E values are in reasonable
agreement with the experimental values. The discrepancy can
be partly attributed to the effects of the crystal environment,
which were not considered in our calculations.

VI. CONCLUSIONS

The phenomenological magnetic Hamiltonians have been
used for many decades to rationalize the experimental mag-
netic data of complexes. These Hamiltonians, despite the
widespread name “spin Hamiltonians,” are formulated in
terms of pseudospins.2, 20 The parameters of pseudospin
Hamiltonians are extracted from experiment by comparing
their predictions with the measured energies and the transi-
tion probabilities. At the same time the nature of pseudospin
cannot be revealed from this comparison. Modern ab initio
methods can change qualitatively this situation. First, they
can provide us with the explicit form of the multielectronic
wave functions which form the functional space for the pseu-
dospin operators. Second, the detailed knowledge about these
wave functions can be used for the definition of pseudospin,
when a one-to-one correspondence between these multielec-
tronic states and the pseudospin eigenfunctions is achieved in
a given coordinate system. On this basis a rigorous construc-
tion of pseudospin Hamiltonians can be done. In the present
work, we have described the general methodology for non-
perturbative derivation of pseudospin Hamiltonians and pro-
vided the working expressions for their parameters in terms
of ab initio calculated quantities. The main points are the
following:

(1) Two basic requirements are imposed on the pseudospin
for its unique definition. First, the symmetry-allowed
spatial transformations of the multielectronic wave func-
tions, which are put in correspondence to the pseudospin

eigenfunctions |S̃M⟩, should be similar to the transfor-
mations of the corresponding eigenfunctions of a true
angular momentum, e.g., the true spin eigenfunctions
|SM⟩. Second, the part of Zeeman Hamiltonian which
is linear in pseudospin operators (described by the g ten-
sor) should acquire a diagonal form, Eq. (8), when writ-
ten in a coordinate system related to the main magnetic
axes of the complex.

(2) In a general case of arbitrary spin-orbit coupling and
lack of point symmetry there is still a number of
constraints imposed on the pseudospin eigenfunctions
by the time reversal symmetry, which reduce drasti-
cally the possible linear combinations of ab initio wave
functions which can be put in correspondence to |S̃M⟩,
i.e., the dimensionality (the number of independent con-
tinuous parameters) of the allowed unitary transforma-
tions. These unitary transformations can be of rotational
type or of general type. The former look similarly to
the unitary transformation of true momentum eigenfunc-
tions induced by the rotations of the coordinate system.
This is via these transformations that we can identify the
rotation of the pseudospin coordinate system.

(3) The minimal possible indeterminacy of pseudospin cor-
responds to situations when the allowed unitary trans-
formations are only of rotational type. This is the case of
pseudospins S̃ = 1/2 and S̃ = 1. Their eigenfunctions
can be assigned in a general case (without using addi-
tional symmetry relations) only up to the sign of the
pseudospin projection M on one of the magnetic axes,
which is equivalent to the freedom to rotate the pseu-
dospin coordinate system by π around each of the three
main magnetic axes. For S̃ ≥3/2 the unitary transfor-
mations allowed by the time reversal symmetry contain
more than three continuous parameters. A practical ap-
proach to define the pseudospin in an approximative way
using the A tensor, Eq. (15), has been devised. This ap-
proach should be reliable for complexes with weak and
intermediate spin-orbit coupling effect. A general ap-
proach valid for S̃ ≥ 3/2 and any strength of spin-orbit
coupling effect, based on the principle of adiabatic con-
nection, will be described elsewhere.44

The described methodology has been implemented in the
routine SINGLE_ANISO which recently become a module of
MOLCAS-7.6 package.39 Although with this methodology the
pseudospin description can be applied to any group of chosen
spin-orbit levels of the complex, in order to be insightful it
should refer to a “natural” group of levels which can be seen
as originating from a given S-term, J-term, or a degenerate
irreducible representation of the complex (,-term). Choosing
such a manifold of states is a matter of intuition and depends
on the problem we solve. At the same time care should
be taken that the resulting pseudospin Hamiltonians are
physically correct. For instance, choosing an even number
of states in a non-Kramers complex (with even number of
electrons) will require half-integer pseudospins and will
result in nonphysical pseudospin Hamiltonians, a situation
which should be avoided.77 Another situation when a simple
pseudospin description can face problems is encountered for
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(quasi)degenerate terms with strongly unquenched orbital
momentum. Recent examples are 2S+1E-terms in high-spin
trigonal Fe(II) complexes78, 79 and a high-spin tetragonal
Co(II) complex80 and probably other less symmetric high-
spin Fe (II) complexes,81, 82 all exhibiting a single-molecule
magnet behavior. Phenomenological crystal field analysis83

and ab initio calculations34, 84 of the electronic structure of
the trigonal high-spin Fe(II) complexes have shown that
the ligand-field splitting of the orbital E components is of
the order or smaller than the spin-orbit coupling, while the
separation of the entire manifold of 2S + 1E states from the
excited ones is more than 5000 cm−1.34 In such a situation, an
appropriate description should involve all states originating
from this term, which should be done via orbital-pseudospin
Zeeman and ZFS Hamiltonians. The ab initio derivation
of orbital-pseudospin Hamiltonians will be given in a next
publication. Such an approach represents a generalization of
pseudospin Hamiltonian description and formally resembles
the well-known Kugel-Khomskii Hamiltonians85 describ-
ing the isotropic exchange interactions between orbitally
degenerate metal sites. The ab initio simulations of such
interactions have been already undertaken in the past for a
Ti(III) dimer complex.86

ACKNOWLEDGMENTS

Liviu Ungur is post-doc of the Flemish Science Foun-
dation (FWO) and gratefully acknowledges financial support
from the Institute of Nanoscale Physics and Chemistry (IN-
PAC) and Methusalem program of the KU Leuven. The au-
thors thank Maarten Thewissen for his help with ab initio cal-
culations of the cobalt complex.

APPENDIX A: THE WIGNER-ECKART THEOREM

The advantage of using the irreducible tensor operators,
T̂κq , where κ is the rank and q is the row index, allow to ap-
ply the Wigner-Eckart theorem2, 3 for the calculations of their
matrix elements between eigenfunctions of arbitrary angular
momentum |JM⟩,

⟨J1M1|T̂κq |J2M2⟩ = ⟨J1 ∥ T̂κ ∥ J2⟩CJ1M1
κqJ2M2

, (A1)

where CJ1M1
κqJ2M2

is the Clebsch-Gordan coefficient45 and
⟨J1∥T̂κ∥J2⟩ is a common constant for all {M1, q, M2} called
reduced matrix element. Because of the relation CJ1M1

κqJ2M2

= (−1)J1+J2+κCJ1M1
J2M2κq ,45 we can also use CJ1M1

J2M2κq in the right
hand side of Eq. (A1) (the new reduced matrix element will
correspond to the one in (A1) multiplied by (−1)J1+J2+κ ).

The Cartesian components of spin can be written as com-
binations of components of irreducible tensor of first rank
Ŝ1m, m = −1, 0, 1 (they are just cyclic coordinates of a
vector45),

Ŝx = 1√
2

(−Ŝ11 + Ŝ1−1),

Ŝy = i√
2

(Ŝ11 + Ŝ1−1), (A2)

Ŝz = Ŝ10.

These relations are equally valid for any other angular mo-
mentum operator and also for pseudospin operators S̃α , given
their coincidence with the matrices of the corresponding true
spin operators S̃α .

APPENDIX B: DETAILS OF AB INITIO CALCULATIONS

1. General computational approach

All ab initio calculations were done within the MOLCAS-
7.6 program package.39 Within the applied method, the rela-
tivistic effects are taken into account in two steps, both based
on the Douglas-Kroll Hamiltonian.40, 41 In the first step, scalar
relativistic effects are already taken into account in the basis
set generation. All employed basis sets contain relativistic
correction and were taken from the standard ANO-RCC68, 69

and ANO-DK370 basis set libraries available within the MOL-
CAS program package. In cases when the number of basis
functions of the calculated system was more than 550 basis set
functions, in order to save disc space and speed-up the calcu-
lation, the Cholesky decomposition of bielectronic integrals
was employed, with a threshold of 0.5×10−7.39 Further, spin-
free eigenstates were obtained in the complete active space
self-consistent field (CASSCF) method,63 as implemented in
MOLCAS-7.6.39 In the case of lanthanides the active space of
the CASSCF included all electrons spanning seven last shell
of orbitals. In the cases of Ni2 + and Co2 + the active space
included, besides the initial set of five 3d orbitals, another
set of five 3d′ orbitals in order to account for the double shell
effect, which was proved to be important for the atoms from
the second part of the first row of transitional metals.71, 87 The
dynamical correlation was included in the next step, by the
CASPT2 method,64–66 keeping the standard IPEA shift (0.25),
and imposing an additional imaginary shift (0.1) to exclude
any possible intruder state problems. The spin-orbit coupling
is considered in the next step within the RASSI method,42

which uses spin-free eigenstates as input, and in their basis
computes the matrix elements of the magnetic moment. The
spin-orbit coupling interaction within RASSI program is con-
sidered in the atomic mean field approximation.41, 67 In the
last step, the SINGLE_ANISO program computes all mag-
netic properties and parameters of the pseudo-spin Hamiltoni-
ans on the basis of the above calculated spin-orbit eigenstates
and matrix elements of the magnetic moment. This method
has been previously applied for the elucidation of the local
electronic and magnetic properties of other lanthanide
complexes.37, 38

The molecular structures of the calculated molecules
were taken directly from the x-ray experiments and were not
further optimized. The reduced fragments were obtained by
deleting a part of the molecule, with subsequent saturation of
all remaining bonds by hydrogens.

2. Computational details for Dy(III)

The entire structure of the DyZn3 molecule was consid-
ered for the ab initio calculation. Figure 1 shows the struc-
ture of the calculated molecule. For the [Dy(H2DABPH)2]3+

complex, two structural approximations were employed A –
the reduced fragment, where the distant phenyl groups of the
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FIG. 9. Structure of the calculated Dy(III) fragment of the
[Dy(H2DABPH)2]3+ complex within the computational approximation A.
Color scheme: Dy-violet, O-red, N-blue, C-grey, H-white.

ligand were replaced by hydrogens, and B – the entire
molecule. Figure 9 shows the calculated structure of the frag-
ment A.

Employed contractions of the basis sets:

Dy.ANO-RCC...8s7p5d4f2g1h.
Zn.ANO-RCC...5s4p2d1f.
O.ANO-RCC...4s3p2d. (close)
O.ANO-RCC...3s2p. (distant)
N.ANO-RCC...4s3p2d. (close)
N.ANO-RCC...3s2p. (distant)
C.ANO-RCC...4s3p2d. (close)
C.ANO-RCC...4s3p. (distant)
H.ANO-RCC...3s1p. (close)
H.ANO-RCC...2s. (distant)

Active space: 9 electrons spanning 7 orbitals of the 4f shell of
the Dy3 + ion.

Number of roots considered within the CASSCF: 21 sex-
tets, 224 quartets, and 490 doublets (all available roots).

Dynamical correlation within the CASPT2: not consid-
ered.

Number of roots mixed by the spin-orbit coupling in
RASSI: 21 sextets, 128 quartets, and 130 doublets (due to the
hardware limitation).

3. Computational details for Yb(III)

Figure 10 shows the structure of the calculated fragment
within the computational model A. Within the computational
model B the entire molecular structure was considered.

Employed contractions of the basis sets:

Yb.ANO-RCC...7s6p4d3f1g.
O.ANO-RCC...3s2p1d. (only for the close atoms, directly

connected to Yb)
O.ANO-DK3.Tsuchiya.12s8p.2s1p. (all other atoms)
C.ANO-DK3.Tsuchiya.12s8p.2s1p.
N.ANO-DK3.Tsuchiya.12s8p.2s1p.
H.ANO-DK3.Tsuchiya.6s.1s.

Active space: 13 electrons spanning 7 orbitals of the 4f shell
of the Yb3 + ion.

FIG. 10. Structure of the calculated Yb(III) fragment within the compu-
tational approximation A. Color scheme: Yb-sea green, O-red, C-grey, H-
white. Distant hydrogens of the ligand were omitted for clarity.

Number of roots considered within the CASSCF: 7 dou-
blets emerging from the 2F ionic multiplet.

Dynamical correlation within the CASPT2: not consid-
ered.

Number of roots mixed by the spin-orbit coupling in
RASSI: all roots available (i.e., 7 doublets emerging from the
2F ionic multiplet).

The obtained orientations of the main anisotropy axes gX,
gY, and gZ within the computational model A is very close to
those obtained within the computational model B, presented
in Fig. 3. The deviation angles are 4.6◦ for gX and gY, and 5.4◦

for gZ.

4. Computational details for Ni(II)

The entire molecular structure was considered.
Employed contractions of the basis sets:

Co.ANO-RCC...6s5p3d2f1g.
N.ANO-RCC...4s3p2d1f.
O.ANO-RCC...4s3p2d1f.
C.ANO-RCC...3s2p.
H.ANO-RCC...2s.

Active space: 8 electrons spanning 10 (3d+3d) orbitals of the
Ni2 + ion.

Number of roots considered within the CASSCF: 10
triplet and 15 singlet states.

Dynamical correlation within the CASPT2: considered.
Number of roots mixed by the spin-orbit coupling in

RASSI: all roots available (i.e., 10 triplet and 15 singlet
states).
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5. Computational details for U(IV)

The structure of UO2 at high temperature is the fcc fluo-
rite, with the lattice parameter a0 = 5.470 Å. Each U4 + ion is
surrounded by eight oxygen atoms. The calculated cluster is
a [UO8]12 − anion, surrounded by four shells of point charges
describing the Madelung potential. The distortions were em-
ployed only to the first coordinated oxygens and to the first
shell of point charges (1252 pc).

Employed contractions of the basis sets:

U.ANO-RCC...9s8p6d4f2g1h.
O.ANO-RCC...4s3p2d.

Active space: 3 electrons spanning 7 orbitals of the 5f shell of
the U4 + ion.

Number of roots considered within the CASSCF: 21
triplets and 28 singlets states.

Dynamical correlation within the CASPT2: not consid-
ered.

Number of roots mixed by the spin-orbit coupling in
RASSI: all roots available (i.e., 21 triplets and 28 singlets
states).

TABLE XI. Proportionality coefficients between the present ITO and the
Stevens operators (Eq. (C1)).
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2 1
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√
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6. Computational details for Co(II)

The entire molecular structure was considered.
Employed contractions of the basis sets:

Co.ANO-RCC...6s5p3d2f1g.
Cl.ANO-RCC...5s4p2d1f.
N.ANO-RCC...4s3p2d1f.
B.ANO-RCC...3s2p1d.
C.ANO-RCC...3s2p1d.
H.ANO-RCC...2s1p.

Active space: 7 electrons spanning 10 (3d+3d′) orbitals of the
Co2 + ion.

Number of roots considered within the CASSCF: 10
quartet and 40 doublet states.

Dynamical correlation within the CASPT2: considered.
Number of roots mixed by the spin-orbit coupling in

RASSI: all roots available (i.e., 10 quartet and 40 doublet
states).

APPENDIX C: RELATIONS BETWEEN THE PRESENT
ITO AND STEVENS OPERATORS

The ITO operators Om
n and .m

n used here are simply
related to the conventional Stevens operators Om

n (St) and
.m

n (St),

Om
n = km

n Om
n (St),

(C1)
.m

n = km
n .m

n (St).

The proportionality coefficients km
n are listed in Table XI.
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