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1.1 Introduction

Lanthanide ions are at the core of many important applications given their unique elec-
tronic, optical [1–9], magnetic [10–16], and catalytic [17–20] properties. The large
intrinsic magnetic moment of lanthanide ions defines the blocking of magnetization
behavior in molecular nanomagnets [21–23] and also plays an important role in strong
macroscopic permanent magnet materials, such as Nd2Fe14B [24–26]. The sharp and
intense luminescence displayed by lanthanide ions in various crystal environments is
due to the narrow-band transitions between states with different electric/magnetic
dipole moments. Lanthanides are also employed as contrast agents in magnetic reso-
nance imaging medical investigations [2,27,28] and serve as important ingredients in
commercial lasers [29]. The list of industrial and scientific applications of lanthanide
ions is far from being complete. Some of the applications of lanthanides are shown in
the following chapters of the present book. The purpose of this chapter is to describe
the basic features of the electronic structure of lanthanide ions and to review theories
used to explain their electronic structure, optical and magnetic properties.

1.1.1 Free lanthanide ions: Electronic spectra and nature
of wave functions

In the absence of ligand environment, the electronic structure of free atoms is defined
by the electrostatic interactions between each of the electrons and the central nucleus.
In the simplest Hartree-Fock approximation, each electron feels the potential of the
nucleus combined with an averaged potential of all the other electrons in the system.
In this approximation, the wave function of each electron depends on four quantum
numbers (n, l, m, and ms) and may be expressed as follows:

ψnlmms
r, σð Þ¼Rnl rð ÞYm

l θ, φð Þχms
σð Þ (1.1)

where Rnl(r) is the one-electron radial wave function, which depends only on the
distance to the nucleus (r); Yl

m(θ,φ) is spherical harmonics; and χms
(σ) is spin

eigenstates of the electron (ms ¼$1/2). r(r,θ,φ) is the position vector of the electron.
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These one-electron eigenstates (Eq. 1.1) are used as basis states in the representation
of the multielectronic atoms.

Electrons in free lanthanide ions are coupled and form configurations (nlN), in the
first approximation. An electronic configuration is a definite arrangement of all elec-
trons in atomic-like orbitals. Ground electronic configuration of neutral free lantha-
nide atoms is [Xe]5d06s24f N+1, with small exceptions for La, Ce, Gd, and Lu, for
which the ground configuration is [Xe]5d16s24f N. In common complexes, the outer
shell electrons spanning the atomic 5d and 6s orbitals possess relatively large radii
and are highly susceptible to ligand field, and generally, the three outer electrons
can be easily removed from the free lanthanide ion system. The relatively low ioni-
zation potential is due to the screening effects, which notably weaken the Coulomb
interaction between 5d and 6s electrons and the nucleus [30,31]. The remaining triply
ionized configuration for Ln3+ ([Xe]4f N5d06s0) is very stable for the entire lanthanide
series and dominates the wave function in the ground state. Relatively stable chemical
compounds with Ce4+, Sm2+, Eu2+, Tb4+, Tb2+, Dy2+, and Yb2+ are also known
[32–34]. In the present introductory chapter, we will restrict the discussion to the most
common oxidation state (3+) of lanthanide ions.

Since the electronic configuration of the [Xe] core is similar for the entire series of
lanthanides, one may conclude that it is the partial filling of the 4f N shell (1%n <14)
that defines the properties of lanthanide ions. For the triply ionized lanthanide ions,
excited electronic configurations like [Xe]4f N&15d1, [Xe]4f N&16s1, or [Xe]4f N&16p1

are usually much higher in energy compared with the ground configuration
(>5'104 cm&1) [35] and are used in various spectroscopic techniques.

The N-electronic wave function of any configuration must respect the Pauli anti-
symmetry principle, which states that the wave function must change its sign when
any two electrons exchange their coordinates. The most straightforward way to
account for this principle is to represent the multielectronic wave function in the form
of a Slater determinant:

Ψα1,α2,…,αN r1, σ1, r2, σ2,…rN , σNð Þ¼ 1ffiffiffiffiffi
N!

p

ψα1 r1, σ1ð Þ ψα1 r2, σ2ð Þ … ψα1 rN , σNð Þ
ψα2 r1, σ1ð Þ ψα2 r2, σ2ð Þ … ψα2 rN , σNð Þ

⋮ ⋮ ⋱ ⋮
ψαN r1, σ1ð Þ ψαN r2, σ2ð Þ … ψαN rN , σNð Þ

""""""""

""""""""

(1.2)

where αi represents all quantum numbers (n, l,m, andms) of electron i, while ψαi(ri,σi)
is monoelectronic wave functions, in the form given by Eq. (1.1).

In general, the energy state corresponding to a given configuration (e.g., 4f N or
4f N&15d1) is highly degenerate. This means that there are many different Slater deter-
minants corresponding to the same energy. Indeed, even though the main quantum
numbers for the 4f N configuration are well defined (n ¼4 and l ¼3), the projection
of the orbital momenta m of each electron can take any value from &3 to +3, while
spin projection ms may have either one of the two values α (ms ¼+1/2) or
β (ms ¼&1/2). As a simple example, we may take Ce3+, which has the ground
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configuration [Xe]4f 1. The unpaired electron of the last shell may occupy any of the
seven f orbitals, while the spin projection may be either α or β. For this electronic con-
figuration, there are 7'2¼14 Slater determinants that are equally probable (in the
absence of other interactions).

1.1.2 Coulomb repulsion effects

The degeneracy of the 4f N configurations where N >1 is partly removed by electron
correlation and intraionic spin-orbit coupling effects. The most important correlation
effects include the Coulomb interaction (repulsion) between the N unpaired electrons
from the last shell and exchange interaction between them. Within the one-electron
picture approach, the effect of the core electrons ([Xe]) on the 4f N shell is constant,
does not lead to splitting and therefore will not be considered in the discussion.
The orbital states that arise after full-electron correlation within a given configuration
is considered are called terms. In the case of free ions, terms are also highly degen-
erate. From another perspective, terms of a given N-electron system in spherical sym-
metry are characterized by a given total spin (S) and total orbital momenta (L),
following the principle of conservation of angular momenta for an N-particle system.
This results also from the general considerations of commutativity of the electronic
Hamiltonian and the operators of total orbital and spin momenta, L2 and S2. Since
terms correspond to different irreducible representations of the spherical symmetry
group, they are not bound to have the same energy. It is convenient to recall Hund’s
rules for the term’s energy:

l Among all possible terms of a given configuration, the terms with the largest total spin
multiplicity (2S+1) have the lowest energy.

l Among all possible terms with the largest total spin multiplicity (2S+1), the term with the
largest total orbital momentum has the lowest energy.

There are many possibilities to combine individual electron’s spin and angular
momenta in a many-particle system to build eigenstates of a given term, for instance,
by following addition rules for angular momenta [36]. Total degeneracy (number of
states with the same energy) of a term with definite values of L and S is (2L+1)(2S+1).

Energy spread of different terms arising from the same configuration is of the order
of(105 cm&1, while the energy difference between the ground and first excited terms
is in the order of(104 cm&1. Terms are denoted by 2S+1L, where S is the total spin and
L is the letter defining the total orbital momentum (L ¼0, 1, 2, 3, 4, 5, 6, 7, 8,
9, …! S, P, D, F, G, H, I, K, L, M, …). As an example, the ground term of Ce3+

ion (4f 1, L ¼3, S ¼1/2) discussed above is 2F. In certain cases, terms with the same
quantum numbers L and S may arise from different electron configurations. Such
terms interact with each other via the electronic Hamiltonian.

Sometimes, it is convenient to represent the eigenstates of a given term as
jL,S,ML,MS⟩, where ML and MS are projections of the total orbital and total spin
momenta, rather than in a linear expansion of Slater determinants.
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1.1.3 Spin-orbit coupling

Spin-orbit coupling is an intrinsic effect of relativistic origin that leads to partial
removal of degeneracy of electronic terms. It may be regarded as the interaction of
the spin (s) of the electron with the magnetic field created by the same electron while
moving in the closed orbit (l):

bHso ¼$ξ rð Þ l
!
) s!

ξ rð Þ¼& e

2m2c2
1

r

∂V rð Þ
∂r

(1.3)

where V(r) is the potential of the central nucleus, c is the speed of light, m is the mass
of the electron, r is the distance to the nucleus, and e is the electron charge. Within the
first-order perturbation theory, the effect of spin-orbit interaction is dominated by the
constant:

ζnl ¼ ħ2
ð
ξ rð ÞR2

nl rð Þr2dr (1.4)

For a nucleus with potential V¼Ze/r, the spin-orbit coupling depends on the given
electron configuration nl:

ζnl (
Z4

n3l l+ 1ð Þ l +
1

2

$ % (1.5)

From Eq. (1.5), it is clear that the spin-orbit coupling constant is strongly dependent on
the atomic number Z, so it is element specific. For lanthanide ions, the effect of spin-
orbit coupling is still reasonably described in the Russell-Saunders coupling scheme,
that is, the effect of spin-orbit coupling on the radial functions is minor, and Eq. (1.1) is
valid. For heavy atoms, the representation of the wave function as a product between
orbital and spin functions (as in Eq. 1.1) is not accurate. In those cases, electron cor-
relation effects and spin-orbit coupling must be simultaneously accounted, in the rel-
ativistic framework, by solving the two- or the four-component Dirac equation
[37,38].

Spin-orbit interaction in a given term with definite total orbital L and spin S
momenta is approximately given by

bHso ¼$ζnl
2S
bL ) Ŝ (1.6)

where ζnl is the one-electron spin-orbit coupling constant for the ground configuration
nl of the metal ion [39]. The negative sign in Eq. (1.6) is for elements with more-than-
half-filled shell, i.e., from Tb3+ to Yb3+. Approximate values of the ζ4f parameter
for the entire lanthanide series as extracted from NIST data are given in Table 1.1.
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Since the spin-orbit operator in Eq. (1.6) does not commute with the L2 and S2 oper-
ators, these quantum numbers are not conserved. Instead, the spin-orbit Hamiltonian
in Eq. (1.6) commutes with the square of the total angular momentum J2, implying that
only the total angular momenta quantum number J ¼ L+S is conserved. Following the
rules for addition of two angular momenta, the quantum number J takes positive
values running from jL&Sj to L+S, with a step of 1. As an example, spin-orbit inter-
action within the ground 3F term of Pr3+ ion (L ¼3, S ¼1) splits it in three multiplets
with J1 ¼ (3&1)¼2, J2 ¼ (3&1+1)¼3, and J3 ¼ (3&1+2)¼ (3+1)¼4. In order to
uniquely identify the multiplets originating from various terms, they are written in
the format: 2S+1LJ. For example, the three multiplets arising from the 3F term are
3F2,

3F3, and
3F4. Hund’s rule coupling allows to determine which of the multiplets

will be in the ground state:

l Among all possible multiplets arising from the ground term, the lowest will be J ¼ jL&Sj for
a less-than-half-filled nl shell and J ¼ L+S for a more-than-half-filled nl shell.

In order to compute the energies corresponding to the J eigenstates, we need to rewrite
the spin-orbit Hamiltonian as follows:

J2 ¼ L + Sð Þ2 ¼ L2 + S2 + 2LS

bHso ¼$
ζ4f
2S
bLŜ¼$

ζ4f
4S

Ĵ
2& bL

2
& Ŝ

2
& ' (1.7)

The bHso for a given multiplet is diagonal when written in the basis of jL,S,J,MJ⟩
coupled eigenstates (Eq. 1.5)

L, S, J,MJj i¼
X

CJ,MJ
L,ML ,S,MS

L, S,ML,MSj i (1.8)

where CJ,MJ
L,ML,S,MS

are Clebsch-Gordan coefficients describing the coupling between

two angular momenta L and S in a total angular momenta jJ,MJ⟩ [36]. Clebsch-Gordan
coefficients become zero whenever any of the following relations ML+MS 6¼MJ,
ML * L, MS * S, or MJ * J are true.

Energies corresponding to individual J states are as follows:

E Jð Þ¼
ζ4f
4S

J J + 1ð Þ&L L + 1ð Þ&S S + 1ð Þð Þ (1.9)

The energy gap between J and J&1 eigenstates is given by the Land!e interval rule [40]:

E Jð Þ&E J&1ð Þ¼
ζ4f
4S

J J + 1ð Þ& J&1ð ÞJð Þ¼
ζ4f
2S

J (1.10)

Deviations from the Land!e interval rule are noticed for systems containing several
unpaired electrons (seeTable 1.1 andFig. 1.1).This is explainedby the couplingbetween
identical J multiplets that arise from different LS terms via spin-orbit coupling.
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1.1.4 Crystal field splitting

When a lanthanide ion is placed in a low-symmetry crystal matrix, each multiplet of
the lanthanide becomes further split in individual components, either in Kramers dou-
blets for odd-electron systems (Ce3+, Nd3+, Sm3+, Gd3+, Dy3+, Er3+, and Yb3+) or in
individual nondegenerate levels for even-electron systems (Pr3+, Pm3+, Eu3+, Tb3+,
Ho3+, and Tm3+). This splitting depends on the properties of the ligand environment
and is usually in the order of 300–1500cm&1. Crystal field theory, which is one of the
first to explain the effect of the ligand environment, is based on the following approx-
imations [41,42]:

l Only the 4f electrons of the lanthanide are considered. The effect of the metal’s core orbitals
or virtual (empty) orbitals is neglected.

l The effect of the ligand atoms is limited to providing an external (electrostatic) potential
that influences the 4f shell. This effect is considered a small perturbation over the free-
ion spin-orbit multiplet structure.

l No overlap between metal and ligand’s orbitals is considered.

Fig. 1.2 shows a rank of various interactions leading to the splitting of the initial 4f N

configuration in lanthanides.
The description of the crystal-field splitting is done via an effective one-electron

Hamiltonian:

bHCF ¼
XN

i

hCF
ri
ri

$ %
¼
XN

i

X

k

Xk

q¼&k

Bkq
bC
q

k

ri
ri

$ %
(1.11)

where hCF
ri
ri

& '
is the contribution to the total Hamiltonian from electron i, Bkq is the

crystal-field parameter of rank k (k%6) and projection q, and bC
q

k
ri
ri

& '
is the crystal-

field operator acting on electron i. It is related to the spherical harmonics multiplied
by a coefficient:

bC
q

k

ri
ri

$ %
¼

ffiffiffiffiffiffiffiffiffiffiffiffi
4π

2k + 1

r
Ŷ
q
k

ri
ri

$ %
(1.12)

The operator in Eq. (1.12) acts on individual electrons of the last shell. It may be
proved to be equivalent to a different form of the crystal-field Hamiltonian operator
that acts on the ground J multiplet [41,43]:

bHCF ¼
X

k¼2,4,6

Xk

q¼0

Bq
kÔ

q

k Jð Þ+Cq
kΩ̂

q
k Jð Þ

& '
(1.13)

where Ô
q

k Jð Þ and Ω̂
q
k Jð Þ are the real and the complex combinations of the spherical

harmonics (Table 1.2), respectively, with the dimension 2J+1, Bk
q, and Ck

q

corresponding with (real) crystal-field parameters.
It is clear that a direct application of Eq. (1.11) or Eq. (1.13) for a lanthanide in a

low-symmetry environment requires knowledge of the entire set of 27 Bk
q parameters.

One approach to compute the Bk
q parameters is to use the point-charge model (PCM)

[40,44–46]. In this model, the Bkq parameters (Eq. 1.11) are given by the effective
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charge (Zi) on the neighboring ligand atoms according to their crystallographic posi-
tions (ri, θi, and φi) as follows:

Bkq ¼&e
X

i

ZiŶ
q
k θi, φið Þ
rk + 1i

(1.14)

Directly applied in this form, the PCM gives large deviations from available exper-
imental data. One reason is that the charges on neighbor ligand atoms are not easily
determined. Employment of their (chemical) charge only gives a qualitative descrip-
tion of the data.

The crystal field theory is now mainly used as a phenomenological approach. In
this model, the Hamiltonian in Eq. (1.13) is computed in the basis of jL,S,J,MJ⟩
spin-orbit eigenstates of the ground J term using some values of the Bk

q parameters
and diagonalized. The resulting 2J+1 eigenstates are used to compute some properties,
for example, magnetic susceptibility, molar magnetization, some experimental
(known) energy states, and EPR spectra. Bk

q parameters are varied until the standard

Fig. 1.2 Effect of various interactions on the splitting of the degenerate 4f 9 configuration of the
free Dy3+ ion. Interactions are ranked from strong (left) to weak (right). Only the splitting
of the ground state is shown for clarity, while it should be understood that excited states
are subject to similar splitting effects. As a result of all interactions, on the right-hand side of the
picture, the individual levels are thus fairly mixed. Energy splitting is not plotted at scale.
Zeeman splitting is caused only by an applied magnetic field.
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5Ô

4 4

&
'
+
B
0 6
Ô
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Ô

6 6
+
C
6 6
Ω̂

6 6

T
et
ra
g
o
n
al

D
4
,
C
4
v
,
D
2
d
,
D
4
h

b H
C
F
¼
B
0 2
Ô
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Ô

6 6
+
C
6 6
Ω̂

6 6

T
ri
cl
in
ic

C
1

b H
C
F
¼
B
0 2
Ô
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Ŷ
&
q

k

&
' ;

Ω̂
q k
¼

1 2
i
Ŷ
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deviation between computed and measured data decreases below some chosen thresh-
old. An alternative is to build the crystal-field matrix in the basis of the complete set of
eigenstates originating from the 4f N configuration. In such case, the crystal field will
also mix excited multiplets, allowing a slightly improved description of the thermo-
dynamic properties (e.g., magnetic susceptibility). The latter method is of choice
when optical properties are described.

Some of the negative points of this phenomenological approach are (i) the over-
parameterization problem (impossibility to reliably fit a set of 27 independent param-
eters, since more than one set would provide the same quality of the description) and
(ii) the common way of overcoming this difficulty by fitting only 3–4 parameters and
disregarding the remaining 23–24 parameters. Symmetry considerations allow to
effectively reduce the number of independent parameters. As Table 1.2 shows, the
number of crystal-field parameters that need to be considered allows a reliable fit only
for the highest point groups, cubic or hexagonal. Compounds with lower symmetry are
practically intractable.

Phenomenological approaches involving displacement of ligand charges out of the
metal-ligand axis have also been proposed [47]. In some cases, these methods gave a
better agreement with experiment. It is important to mention here that even if the
method of obtaining the parameters of the crystal field is improved or optimized,
the number of independent fitting parameters remains the same. Improvements in
the point-charge model and related approaches require to explicitly account for more
involved physical effects:

l Effect of further distant ligand atoms
l Spatial distribution of the ligand electron density, including metal-ligand exchange

interaction
l Nonorthogonality between metal and ligand’s orbitals
l Nonorthogonality between metal’s core, 4f, and ligand’s orbitals
l Multiconfiguration approaches accounting for polarization, covalence, and screening effects

Clearly, a more involved model description increases the number of parameters that
need to be determined/provided. As an example, the screening effects of the 5s25p6

closed shells on the crystal-field splitting of the 4f N shell is accounted for by a mod-
ified crystal-field Hamiltonian:

bHCF ¼
XN

i¼1

X

k¼2,4,6

Xk

q¼&k

Bkq 1&σkð Þ bC
q

k

ri
ri

$ %
(1.15)

where σk is additional phenomenological parameters w.r.t. Eq. (1.11). The role of σk
screening factors is mainly to change the ratio between different rank operators. Sim-
ilarly, charge penetration effects could be accounted for by additional parameters ηk,
which depend on the operator rank [41,48]. As an example, corrected crystal-field
parameters are as follows:

Bcorr
k0 ¼BPCM

k0 1 + ηkð Þ (1.16)
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Developments of the crystal field theory to include the (missing) covalent effects
along the electrostatic contribution [49] and novel methods based on the parameter-
ization of the metal-ligand covalence interaction, like the angular overlap model, have
been developed over time [50,51]. These methods are also mainly phenomenological,
since the number of parameters grows significantly in the case of nonequivalent
ligands.

There are many computer codes and programs that implement crystal field theory
for the computation of electronic structure and properties of lanthanide compounds.
Among the most popular ones, we could mention SIMPRE [52,53], PHI [54],
CONDON [55], etc.

A recent approach to determine the parameters of the crystal field is to use rigorous
ab initio quantum chemistry methods [22,56–59]. This approach will be briefly intro-
duced in a latter section.

1.2 Theoretical description of optical behavior
of lanthanides

1.2.1 Optical transitions

Lanthanide ions in various hosts display an interesting optical behavior manifested in
relatively sharp and intense luminescence, making them important ingredients in the
technological design of lasers and various optical sensors. This property of lanthanide
ions was quite puzzling for many years, given the inability of existing theories at that
time to provide a reasonable explanation of its origin.

From the point of view of electronic structure, energy states in materials are quan-
tized (discrete). Transitions between any two states are accompanied by the absorption
or emission of electromagnetic radiation with an energy corresponding to the exact
energy difference between the two states (Eq. 1.17 and Fig. 1.3):

Einitial&Efinal

"" ""¼ ħν (1.17)

There are many physical phenomena that may lead to transitions between two states:
electric dipole (ED) transition, magnetic dipole (MD) transition, electric quadrupole
(EQ) transition, etc. Eq. (1.18) gives the explicit forms of these operators:

^
P
! ¼&e

X

i

r̂
!

i

^
M
!
¼& eħ

2mc

X

i

^
l
!

i + 2 ŝ
!
i

$ %

^
Q
!
¼ 1

2

X

i

^
k
!
i ) r̂

!
i

$ %
r̂
!

i (1.18)
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The intensity of an electronic transition is proportional to the square of the matrix
element of the corresponding operator expressed in the basis of the initial ( j) and final

(i) wave functions Hij ¼
Ð
ψ iÔψ jdτ. The transition is said to be forbidden whenever

this matrix element is zero, and otherwise, it is allowed. Given the fact that all the
operators that are responsible for the various transitions (Eq. 1.18) commute with
the symmetry operators of the entire system, symmetry rules may be used to determine
if a transition is allowed or not. The symmetry characteristics of each component of
the operator (e.g., Cartesian axes x, y, or z for electric and magnetic dipole transitions)
can be obtained from standard character tables based on the point group to which the
molecule or complex belongs. For a qualitative analysis, by following group theoret-
ical rules, only the symmetry of the transition moment function needs to be evaluated:

ψ iÔψ j. If this function spans the totally symmetrical representation of the respective

group (denoted by A, A1, Ag, or A
0, having characters of all group operators as 1), then

the transition is allowed, and otherwise, it is forbidden. It is important to mention that,
even though some transitions are electronically forbidden, in some cases, the exper-
imental spectra may show those transitions, induced by various effects that were not
included in the theoretical approach, for example, vibronic interactions. For a quan-
titative study of the intensity of transitions, all allowed transition moment matrix
elements between all states need to be evaluated.

It is instructive to briefly discuss the electric dipole transitions for lanthanide
ions. As previously mentioned, the ground multiplet wave function is a linear com-
bination of Slater determinants with various distributions of N electrons among the
4f orbitals, that is, arising from the 4f N ground configuration. For simplicity’s sake,
let us consider the Ci point group (inversion). All 4f orbitals are odd functions with

Fig. 1.3 Ground and excited configurations of opposite parity of lanthanide ions.
Transition dipole moment between these two states is allowed. Following Judd-Ofelt theory,
the opening of the transition dipole moment between the low-lying states (with dominant
4f N character) arises due to the small admixture of the states from excited configurations of
opposite parity to the ground states, via crystal-field effect.
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respect to inversion operation, that is, the 4f orbitals change their sign upon inver-
sion operation. This means that, depending on the number of electrons in the 4f
shell, the total (coupled) wave functions arising from the 4f N configuration will
behave according to the same irreducible representation of the inversion point
group, being either symmetrical (gerade, g) or antisymmetric (ungerade, u). For
example, the wave function of the ground configuration of Tb3+, N ¼8, will have
the symmetry: u⨂u⨂u⨂u⨂u⨂u⨂u⨂u¼g, that is, gerade (even). Similarly,
the wave function of the ground configuration of Dy3+ (N ¼9) is found to be
ungerade (odd).

The symmetry of the electric dipole operator is ungerade (odd). Applying the
inversion operator, we have the following:

bCi
^
P
!
¼&e bCi

X

i

r̂
!
i ¼&e

X

i

bCi r̂
!
i ¼&e

X

i

& r̂
!
i ¼&

^
P
!

(1.19)

The symmetry of the matrix elements of the electric dipole operator over the 4f Nwave
functions is therefore odd. For N ¼even, u⨂u⨂u¼u, and for N ¼odd, g⨂u⨂g¼u.
Spatial integral over odd functions is thus zero, which means that electric dipole
transitions are not allowed for the wave functions possessing pure 4f N character.
Nevertheless, it is an experimental fact that lanthanides show sharp and strong
luminescence.

1.2.2 Judd-Ofelt theory

Judd [60] and Ofelt [61] independently proposed a theoretical explanation of the ori-
gin of luminescence behavior of lanthanide ions in various crystal hosts and provided
practical formulas for the evaluation of the oscillator strengths (intensities) of the
observed spectroscopic lines. In this section, we will briefly review the principles
and limitations of this theory.

The Judd-Ofelt theory is based on the following assumptions:

l The effect of the crystal environment is considered at the first order of the perturbation the-
ory, that is, it is considered a relatively weak effect w.r.t. free-ion energy structure. Crystal-
field effect is described within a pure electrostatic approach (PCM).

l It is assumed that optical transitions are of the electric dipole kind. Given that electric dipole-
dipole transitions between 4f N states are forbidden, the ground-state wave function of lan-
thanide ions in crystals should admix configurations with opposite parity via crystal-field
effect, like 4f N&15d1, 4d94f N+1, 4f N&16s1, 4f N+15s1, and 4f N&15g1. The matrix elements
of the transition electric dipole moment of these configurations with the states of the ground
configuration (4f N) are then allowed. The first-order perturbed eigenstates after crystal-field
splitting are

ψaj i¼ aj i+
X

k

kj bHCFj a
D E

Ea&Ek
kj i (1.20)

where jk⟩ represents the states with opposite parity, while ja⟩ is the initial 4f N

eigenstates. In the absence of perturbation (when bHCF ¼ 0), the admixture of excited
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states becomes zero, recovering the initial 4f N eigenstates. It has to be mentioned here

that bHCF contains operators of odd rank only (1, 3, and 5), to account for the difference
in the parity of the ja⟩ and jk⟩ states. The matrix element of the transition electric
dipole moment in the basis of two low-lying first-order corrected states jψa⟩ and jψb⟩
becomes

ψbj P̂j ψa

) *
¼
X

k

bj bHCFj k
D E

kj P̂j a
) *

Eb&Ek
+

bj P̂j k
) *

kj bHCFj a
D E

Ea&Ek

2

4

3

5 (1.21)

since aj P̂j b
) *

¼ bj P̂j a
) *

¼ 0 (because ja⟩ and |b⟩ have the same parity; see the dis-

cussion above).
Eq. (1.21), even if complete, is not very convenient for practical usage because the

number of excited states jk⟩ is quite large. To give an idea of the complexity of the
problem, Table 1.3 shows the number of ja⟩ and jk⟩ states in several configurations
with opposite parity.

For the direct application of Eq. (1.21), the individual energies of the jk⟩ states must
be known. This is not a trivial task, given the fact that the effect of the crystal field
might be different on the jk⟩ states compared with its effect on ja⟩ and jb⟩ low-lying
states. In order to simplify the problem, the Judd-Ofelt theory comes with several new
approximations:

l The effect of the crystal field on the jk⟩ states is neglected: the entire excited configuration
4f N&15d1 is considered degenerate. This is, of course, not completely true, but offers a great
simplification.

l The energy difference between ja⟩ and jb⟩ low-lying states is neglected. This makes both
denominators in Eq. (1.21) equal (denoted later by ΔEn0l0).

Under these two approximations and considering the full expansion in the jk⟩ states,
the two terms appearing in square brackets in Eq. (1.21) can be combined together in
one effective tensor operator (of even parity). This is possible because the ED and CF
operators considered here are written in a multipole expansion in the form given in
Eq. (1.11). In this case, ED operator contains tensors of rank up to one, while CF oper-
ator contains only odd components. By applying Wigner-Eckart theorem [36,62–64]
after some transformations, the matrix elements of the transition dipole moment may
be written as

ψbj P̂j ψa

) *
¼
X

tp

X

λ

&1ð Þp+ q 2λ+ 1ð Þ 1 λ t
q &q&p p

$ %
AtpΞ t, λð Þ JMj Ûλ

p+ qj J
0M0

D E

(1.22)

in which t is the (odd) rank of the crystal-field operator (1, 3, or 5), p is its projection

(ranging from &t to +t), q is the projection of the electric dipole operator P̂ (ranging
from&1 to +1), λis the total rank of the effective tensor operator (λ¼ t+1, even), Atp is

the crystal-field parameters (odd rank), and JMj Ûλ
p+ qj J0M0

D E
is the matrix element
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of the total effective tensor operator between multiplets of the ground-state configu-
ration (of the 4f N kind). It can be further simplified to

JMj Ûλ
p+ qj J

0M0
D E

¼ &1ð ÞJ&M J λ J0

&M p+ q M0

$ %
J Ûλ
++ ++J0

) *

where J Ûλ
++ ++J0

) *
is the double reduced matrix element. They are tabulated in

Ref. [65].
The parentheses contain the 3j symbols, which are just another representation of the

Clebsch-Gordan coefficients [36]; the function Ξ(t,λ) is given by

Ξ t, λð Þ¼ 2
X

n0l0
2l + 1ð Þ 2l0 + 1ð Þ &1ð Þl+ l

0

' 1 λ t
l l0 l

, -
l 1 l0

0 0 0

$ %
l0 t l
0 0 0

$ %
nlj rj n0l0h i nlj rtj n0l0h i

ΔEn0l0
(1.23)

where nl ¼ 4f, n0l0 is the excited configuration, while the summation runs over all
allowed values of n0and l0 of the excited configurations of opposite parity; the curly
brackets contain the 6j symbol that relates the summation of three angular momenta
[36,66];ΔEn0l0 is the (average) energy of the excited configuration n0l0, ⟨nl j r jn0l0⟩; and
⟨nl j rt jn0l0⟩ are the interconfiguration radial integrals:

nlj rtj n0l0h i¼
ð∞

0

R nlð ÞrtR n0l0ð Þdr (1.24)

Eq. (1.22) offers the possibility to estimate the transition dipole moment between
any eigenstates of the ground configuration (4f N). To this end, the radial integrals
(Eq. 1.24) are computed, and then, the sums in Eqs. (1.22), (1.23) are carried out using
the provided parameters of the (odd) crystal field Atp and the average energy of the
excited configuration ΔEn0l0.

Oscillator strength f for an electric dipole transition from the component i of the
ground level to the component j of an excited level is defined as follows:

f ¼χ
8π2mν

h
ij P̂j j
) *"" ""2 (1.25)

where P̂ is the electric dipole operator (Eq. 1.18), m is the mass of an electron, ν is the
frequency of the spectral line, h is Planck’s constant, and χis the refractive index of the
material in which the ion is embedded.

It is possible to evaluate the oscillator strengths in Eq. (1.25) by substituting the
square of the transition dipole moment from Eq. (1.22). Nevertheless, the number
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of parameters required is still quite large for practical applications. At this moment,
Judd-Ofelt theory comes with a couple more approximations:

l All crystal-field states of the ground multiplet (denoted by i in Eq. 1.25) are equally popu-
lated. The error induced by this approximation is in direct relation with the splitting ampli-
tude of the ground multiplet.

l Only the average over all Cartesian components is computed, that is, materials are consid-
ered optically isotropic.

Under these two approximations, the oscillator strength becomes

f ¼χ
8π2mν

3h 2J + 1ð Þ
X

λ¼2,4,6
Ωλ J Ûλ

++ ++J0
) *"" ""2 (1.26)

where

Ωλ¼ 2λ+ 1ð Þ
X

t

X

p

Atp

"" ""2

2t + 1ð ÞΞ
2 t, λð Þ (1.27)

Developments of Judd-Ofelt theory were done in several directions:

l Including relativistic effects [67–70].
l Including the mixing between different J states. In some cases, this mixing is important for

the groundmultiplet, as pointed out in NIST data [35], and in calculations of complex spectra
of free ions [71–76]. This addition to Judd-Ofelt theory [77] allowed to explain the electric
dipole transitions occurring between two J ¼0 states [78,79]. Note that such transitions are
not allowed in the standard Judd-Ofelt theory.

l Including higher terms of electron correlation effects, beyond the single-configuration
model, allowed to explain the origin of 0-0 and 0-1 transitions in Eu3+ ion in C2v-symmetry
hosts [80].

l Including covalent interactions between the metal and the ligand atoms [81].
l Including the explicit account for the spin-orbit coupling within excited configurations [82].

In practice, Judd-Ofelt theory is used to extract a set of phenomenological parameters
Ωλ from measured spectroscopic data that best describe Eq. (1.26). This allows to
assign (some of the) measured spectroscopic lines to various J$J0 electric dipole
transitions. The success of Judd-Ofelt theory compared with other phenomenological
models lies, in part, in the relatively small number of fitting parameters, while various
approximations involved also allow for a certain degree of averaging of contributions
for the computed values.

There have been some attempts to compute Judd-Ofelt parameters using the
ab initio approach, but the results do not allow yet to make conclusions about the accu-
racy of their predictions [83,84].

1.3 Magnetism of lanthanide ions

Lanthanide ions entered the field of molecular magnetism with the discovery of
[Tb(pc)2]

& anion [85,86], which was the first lanthanide-based single-ion magnet
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[21,87]. Molecular magnets are molecules that are able to keep their own (intrinsic)
magnetization for some time after the applied magnetic field is removed. When the
magnetization blocking property is efficient, it leads to phenomena such as magnetic
hysteresis, magnetic remanence, maxima in the out-of-phase magnetic susceptibility,
and suppression of the low-temperature EPR signal [88]. Relative strong interest in
molecular magnets was driven by the idea of storing information in an ultradense
fashion—one bit per molecule (or atom)—provided that the surface of a hard drive
was covered with molecular magnets in place of current materials.

Another important difference with the methods described above for the spectro-
scopic properties is that, since properties related to magnetism are usually detected
at low temperatures, it is enough to consider the low-lying energy structure of
lanthanide, that is, only the eigenstates of the 4f N configuration are of major
relevance [39].

1.3.1 Magnetic properties of free lanthanide ions

As inferred from Fig. 1.2, the effect of the applied magnetic field on the ground and
excited J multiplets leads to their splitting in 2J+1 nondegenerate components. The
energy of the resulting eigenstates can be described as evolving linearly with the
applied field:

Em ¼MJμBgJH (1.28)

where MJ denotes the projection of the total momentum J on the direction of the
applied field, μB is the Bohr magneton (μB¼0.4668643cm&1/T), gJ is the gyromag-
netic factor for the ground J multiplet (which depends on all quantum numbers S, L,
and J), and H is the strength of the applied field. The formula for gJ is [40]:

gJ ¼
3

2
&L L + 1ð Þ&S S + 1ð Þ

2J J + 1ð Þ (1.29)

which considers gyromagnetic ratios of the orbital and spin momenta as gL ¼1 and
gS ¼2, respectively.

Magnetization is a thermodynamic function that depends on the applied field
and on temperature. The total magnetization of the system at a given temperature
is a sum of the individual contributions of all states, weighted by their Boltzmann
population factor. Van Vleck considered that the energy of individual states and
the Boltzmann partition function can be broken into a Taylor (power) series w.
r.t. applied field. He truncated both series at the second order and derived working
expressions for magnetic susceptibility and magnetization [89]. The first derivative
of the energy states (Eq. 1.28) with applied field is E0

m¼MJμBgJ, independent of the
strength of applied field. The second derivative is E00

m¼0. Setting the original
Em¼0 and substituting these results in the usual formula for Van Vleck’s suscep-
tibility give
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χm ¼
NA

X

m

E0
m

. /2

kBT
&2E00

m

 !

e
& Em
kBT

X

m

e
& Em
kBT

¼NAμ2Bg
2
J

kBT

X

MJ

MJð Þ2

2J + 1

 !

¼NAμ2Bg
2
J

3kBT
J J + 1ð Þ (1.30)

where NA is the Avogadro number, kB is the Boltzmann constant
(kB ¼0.6950356 cm&1/K), and T is the temperature. It becomes clear now that the
product of molar susceptibility is constant for a given multiplet (this is Curie’s law
for lanthanides):

χmT¼NAμ2B
3kB

g2JJ J + 1ð Þ+ 0:1250486 g2JJ J + 1ð Þ (1.31)

Table 1.4 shows the numerical values of χmT for all free lanthanide ions, for the var-
iable number of states admixed by the spin-orbit. Note that spin-orbit coupling
described in the basis of the ground J multiplet describes χmT remarkably well.

In those cases in which the strength of the applied fieldH becomes comparable with
kBT, Curie’s law is not valid, and the molar magnetization must be computed using the
relation

M¼
NA

X

m

∂Em

∂H

$ %
e
& Em
kBT

X

m

e
& Em
kBT

¼NAkBT
∂ lnZ

∂H

$ %
(1.32)

where Z¼
P

m e
& Em
kBT is the partition function. In the particular case of 2J+1 eigenstates

arising from a given J multiplet, we have

Z¼
X

m

e
& Em
kBT ¼

X

m

e
&MJμBgJH

kBT ¼
sinh

2J + 1ð ÞμBgJH
2kBT

0 1

sinh
μBgJH

2

0 1 (1.33)

Substituting Eq. (1.33) in Eq. (1.32), after some transformation, we arrive at the fol-
lowing expression for the molar magnetization of free lanthanide ions:

M¼NAμBJgJ BJ
gJμBJH
kBT

$ %
(1.34)
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where BJ
gJμBJH
kBT

& '
is the Brillouin function for J multiplet, defined by

BJ xð Þ¼ 2J + 1

2J
coth

2J + 1

2J
x

0 1
& 1

2J
coth

1

2J
x

0 1
(1.35)

The Brillouin function reaches unity for large values of applied field H, and the molar
magnetization tends to its saturation value of

M¼NAμBJgJ (1.36)

In the case of real lanthanide-based compounds, these simple formulas may not work,
since exact energies and their true field dependence are needed in Eq. (1.32), while the
sum should eventually include all levels of the 4f N configuration.

1.3.2 Ab initio description of electronic structure
and magnetism in lanthanide complexes

Ab initio based methodologies made their way into the field of magnetochemistry sev-
eral years ago. There are several reasons why this computational method is gradually
taking over the traditional approaches used in this area. First, ab initiomethods do not
use fitting parameters, but rather use only the fundamental constants and physical
laws, combined with rigorously chosen numerical approximations such that the gro-
und and excited states of a given compound are computed only on the basis of the input
molecular geometry. As such, ab initio methods allow for a systematic study of
structure-property relationships. With respect to compounds containing lanthanide
ions, a long-standing problem was the low-symmetry nature of the ligand environ-
ment, which required the full set of 27 crystal-field parameters to be fitted in a clas-
sical crystal field approach. This led to major overparameterization problems, given
the impossibility of a reliable fit of such a large number of independent parameters. On
the other hand, low symmetry of the molecular compound is not a problem for
ab initio based methods, since the wave functions and their energies are derived
self-consistently using the principle of minimization of the total energy. In this sec-
tion, the ab initio based computational approach, which is now becoming a state of the
art in the field of molecular magnetism, is described.

The large majority of ab initio electronic structure methods are currently based
on the Born-Oppenheimer approximation, which allows separation of the electronic
and nuclear motions, which also leads to the partition of the total wave function into a
product of a pure nuclear wave function and a pure electronic wave function. The lat-
ter is of particular use, since it allows to solve a much simpler Hamiltonian only for the
electronic eigenstates, keeping the nuclei fixed, unmoved. In other words, the nuclei
positions enter as parameters in the electronic Hamiltonian.

The second approximation concerns the functional basis of the molecular Hamil-
tonian, that is, the choice of the basis set. This is a choice to be made by the researcher.
Ideally, the basis set describing each atom should be sufficiently large, flexible
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enough to be able to describe various changes of the shapes of the molecular orbitals
due to covalence, polarization, and other effects arising from the interaction with other
atoms. Within a chosen basis set, all electron repulsion integrals, core Hamiltonian,
and other one-electron integrals (angular momentum, atomic-mean-field integrals
for the spin-orbit coupling, relativistic corrections, etc.) are computed and used further
in subsequent calculations. The union of all basis functions is also called atomic
orbital (AO) basis, usually nonorthogonal. Any linear combination between atomic
orbitals is called molecular orbital (MO) basis, usually orthogonal.

(1) Complete-active-space self-consistent-field (CASSCF) method is one of the core computa-
tional methods applied to lanthanide compounds. In this method, the orbital space is split in
three sets: closed space (occupation¼2), active space (occupation¼fractional), and virtual
space (occupation¼0). Further, the wave function is represented as a linear combination
between all Stater determinants arising from various distributions of the active electrons
spanning the active orbitals. Closed and empty orbitals are not considered in this expansion.
The CASSCF wave function is

ψj iCASSCF ¼
XNr Conf

I

) CI CSFj iI (1.37)

where CI is configuration interaction expansion coefficients, while jCSF⟩I is
configuration state functions, that is, a linear combination between several Slater
determinants with a given total spin.

The total energy minimization in the wave function deals with the simultaneous var-
iation of the CI coefficients and the coefficients of the molecular orbitals under the
constraints that the sum of the squares of the CI coefficients is normalized to unity
and that all MOs remain orthonormal to each other. Explicit derivation of the CASSCF
Lagrangian leads to the (coupled, second-order) Newton-Raphson equations. Their
numerical implementation is not very efficient, and various simpler schemes have
been designed such as, to mention a few, the decoupled form of the Newton-Raphson
equations, with generally poor convergence issues, and the quasi-Newton method
based on an augmented Hessian approach. Interested readers may find more informa-
tion in the following sources [94–96].

Most of current implementations allow simultaneous optimization of several
CASSCF wave functions in one calculation, as long as the same orbital basis is kept
for all wave function expansions. This method is called state-average CASSCF
method. This is the most popular method to be used in connection to lanthanide com-
pounds, the reason being that this method gives a balanced description of the ground
and of the excited states. In fact, all term eigenstates with a given total spin can be
optimized within a single CASSCF calculation. In cases in which terms with several
total spins exist for a given 4f N configuration, then, several CASSCF calculations are
needed to obtain all the necessary eigenstates.

Since the number of CSFs grows combinatorically with the size of the active space,
the CASSCF method becomes intractable for active spaces larger than 16 electrons
in 16 orbitals. In order to overcome this limitation, methods that impose various
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limitations on the possible occupation of the active orbitals have been designed. Among
them, one couldmention the restricted-active-space self-consistent-field (RASSCF) [97]
and the generalized-active-space self-consistent-field (GASSCF) methods [98–100].
The implementation of thesemethods inMOLCAS code [101] allows to expand the total
active space up to some 25–28 electrons in the same number of orbitals.

Further expansion of the active space could be done using much different meth-
odologies, based either on stochastic full configuration interaction quantum Monte
Carlo (FCIQMC) [102] techniques or on density-matrix renormalization group
(DMRG) methods [103–106], both allowing routine calculations of up to 40–60
active orbitals. However, these groups of methods have not been tested enough in
connection with real lanthanide compounds to make a clear statement here about
their performance.

(2) Electron correlation methods. The limitations of the CASSCF method are obvious. All
active electrons are fully correlated, while excitations of core electrons are completely
uncorrelated. In this respect, CASSCF wave function is just a slightly improved
Hartree-Fock wave function, with the same issues of too large HOMO-LUMO energy
gap and extralocalized orbitals. An obvious improvement over the CASSCF wave function
is to gradually relax the drastic orbital occupancy limits imposed on the CASSCF wave
function. One could design an improved wave function containing additional Slater deter-
minants that possess some holes in the closed region and some electrons in the empty
region. Evidently, the number of such Slater determinants grows extremely fast, and as
a result, such methods quickly become prohibitively expensive for medium-to-large
molecules.

There are two major ways of accounting for the effect of the excited configurations.
First, there are the multistate multireference second-order perturbation theory methods like
MS-CASPT2 [107–113] and MS-NEVPT2 [114,115]. Apart from the different zero-order
Hamiltonian used in these two methods, they are pretty much similar, with comparable per-
formance. With respect to free lanthanide ions, one drawback of both methods is the pres-
ence of artificial splittings, that is, small lifting of the exact degeneracy. The extended
multistate version of the CASPT2 method (XMS-CASPT2) [116,117] performs much bet-
ter compared with the original MS-CASPT2 version in this respect. To the best of the
author’s knowledge, there is no XMS version for the NEVPT2 method. Second, the
methods based on the multistate multireference configuration interaction methods (MS-
MRCI) [118,119] and various truncated versions of the same family exist and are waiting
for their application in magnetochemistry. It has to be mentioned here that MRCI methods
are significantly more expensive compared with the perturbative methods of equivalent
excitation level.

(3) The account of the spin-orbit coupling is usually done in the second step. In this respect,
the spin-orbit Hamiltonian matrix is built using the CASSCF/CASPT2 optimized
eigenstates as basis [92,120,121]. The spin-orbit integrals for all elements are computed
within the atomic-mean-field integral (AMFI) approach [93]. Diagonalization of the spin-
orbit Hamiltonian written on the chosen basis of input states gives the spin-orbit
eigenstates, which are further used to compute the matrix representation of the angular
and spin momenta [92]. The latter are used in the computation of magnetic properties
and for the determination of the parameters of pseudospin Hamiltonians (discussed below)
and multiplet specific crystal-field splitting. Similar approaches are implemented in many
quantum chemistry codes.
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1.3.3 EPR g-tensor for lanthanide compounds

The combined effect of the low-symmetry crystal (ligand) field and the spin-orbit
interaction leads to energy splitting of the eigenstates of the low-lying multiplet. It
is usually not easy to predict the number of energy levels involved in the electron para-
magnetic resonance measurements, since the splitting pattern depends only on the
crystal environment. In such case, the experimental transitions and corresponding
spectra are interpreted with the help of an effective spin (pseudospin) Hamiltonian
of the form [40,89,122]:

H¼ μBg S
(
H + S

(
D S

(
(1.38)

where the first term specifies the Zeeman interaction and the second term accounts for

the zero-field splitting effect; g and D are 3'3 symmetrical tensors, while S
(
is the

pseudospin, having the dimension equal to the number of low-lying spin-orbit

eigenstates. The second term (S
(
D S

(
) in Eq. (1.38) is only present for cases when

S
(
* 1. For pseudospins with a dimension larger than one, higher-rank operators for

the Zeeman splitting and for zero-field splitting must be included [56,123,124].
As an example, consider Dy3+ ion in some low-symmetry ligand field environment.

The orbital momenta L ¼5 and spin momenta S ¼5/2 of the ground multiplet are not
good quantum numbers, as they are coupled by the spin-orbit interaction. The total
angular J is again not a good quantum number, since it is split by the ligand field.
As a result, the EPR measurement may only detect transitions occurring between

the two components of the ground Kramers doublet. Thus, a pseudospin S
(
¼ 1=2 in

Eq. (1.38) is the most appropriate in this case.
Another example deals with the partial removal of the 2J+1 degeneracy of the free

ion, due to relatively high symmetry of the ligand field. In this case, let us consider
Nd3+ ion in some rigorous octahedral crystal-field environment [123]. The ground
J ¼9/2 is split in this ligand environment in two Γ8 and one Γ6 in the octahedral double
group. The ground state is a Γ8 state—a group of four spin-orbit states with exactly
the same energy. Clearly, in any EPR measurement, various transitions between all
these four states will be detected. Therefore, the most appropriate pseudospin in this

case is S
(
¼ 3=2.

Diagonalization of the g tensor in Eq. (1.38) gives the main values (gx, gy, and gz)
and three eigenvectors—the main magnetic axes. Typically, the largest value is
assigned to gz, the smallest to the gx and the intermediate value to gy. The main mag-
netic axes form a right-handed coordinate system. The system is said to be anisotropic
whenever gx 6¼gy 6¼gz. Lanthanide ions, due to their large unquenched orbital moment
in the ground state, have a strong potential to display strongmagnetic anisotropy in the
ground and excited states. The limit of magnetic anisotropy is the Ising anisotropy
(pure axial anisotropy), gx 6¼gy 6¼0,while gz 6¼0. Investigation of pure Ising anisotropy
by EPR is not possible because the transition between the two components of an Ising
doublet is forbidden.
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Diagonalization of the D tensor in Eq. (1.38) gives the main values as Dx, Dy, and
Dz and three eigenvectors—the main anisotropy axes. It must be emphasized here that
there is no relationship between the main magnetic and the main anisotropy axes,
implying that 12 independent parameters are needed to describe Eq. (1.38). In prac-
tice, in order to avoid overparameterization issues, the main magnetic axes and main
anisotropy axes are considered parallel to each other, which are not justified for
low-symmetry systems.

The questions of how to relate ab initio spin-orbit eigenstates and the pseudospin
eigenstates (i.e., states with a well-defined momentum on the quantization axis) and
how to find the orientation of the most appropriate quantization axis w.r.t. the initial
coordinate system were considered in detail by Chibotaru [124]. In particular, the pro-
cedure of determination of the parameters of the crystal field from the ab initio cal-
culations uses the concept of pseudospin, generalized to the pseudo-J formalism [57].

In MOLCAS [101] andMOLPRO [125] ab initio quantum chemistry packages, the
computation of static magnetic properties using the ab initio results is done by the
SINGLE_ANISO program [56,126]. Details on the implemented formulas were given
in Ref. [127]. This program is able to compute the parameters of the pseudospin
Hamiltonians (g tensor, D tensor, and higher-rank pseudospin operators), the param-
eters of the crystal field for lanthanides, the thermodynamic functions for the
temperature-dependent magnetic susceptibility tensor, the powder molar susceptibil-
ity, the field- and temperature-dependent molar magnetization, and the magnetization
vectors. An approach to plot the blocking barrier for molecular magnets was proposed
[128] and used in many studies [22,129–132].

1.3.4 Magnetic susceptibility and molar magnetization
as a function of the size of the spin-orbit coupled basis

General equations were derived on the basis of Van Vleck’s theory for the molar mag-
netization and magnetic susceptibility and implemented in SINGLE_ANISO code.
The exact expressions are given in Ref. [127]. In this section, the accuracy of the com-
putation of the magnetic susceptibility as a function of the quality of the description of
the spin-orbit interaction is analyzed. The first tabulation of XT data dates to Van
Vleck, who computed the values of the molar magnetic susceptibility for free lantha-
nide ions considering the eigenstates of the ground multiplet only [133]. In the model
of ground multiplet only, temperature population of excited multiplets is neglected, as
well as their weak admixture to the wave functions of the ground multiplet. Here, one
is able to compare these results with the cases when the spin-orbit coupling is
described better: (i) by considering all multiplets originating from the ground term
and (ii) by considering all terms arising from the 4f N configuration. A further
improvement would be to account for the influence of the excited configurations, like
4f N&15d1 and 4f N&16s1. This task is left for the future. Table 1.4 shows the results
obtained from these benchmark calculations.

Analyzing the XT data in Table 1.4, one could mention the following trends for the
high-temperature magnetic susceptibility as a function of the quality of the description
of the spin-orbit coupling.
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For lanthanide ions with less-than-half-filled 4f shell (Ce3+-Eu3+), magnetic sus-
ceptibility generally increases compared with the predicted susceptibility on the basis
of ground multiplet. The difference between the susceptibility computed in the full
basis of the 4f eigenstates and the one computed in the truncated basis of the ground
multiplet ranges from 0.01 for Ce3+ to 0.3 for Sm3+, with a sharp maximum of 1.3 for
Eu3+ (Table 1.4). The latter value is a sign of a remarkably strong temperature-
independent paramagnetism (TIP) effect for Eu3+ [89,134], originating from
Boltzmann population of the relatively low-lying excited magnetic multiplets at room
temperature. The strong TIP of Eu3+ ions in complexes is preserved, since the crystal-
field effect does not usually change much the relative position of the gravity center of
free-ion multiplets.

For lanthanide ions with more-than-half-filled 4f shell (Tb3+-Tm3+), the trend is
the opposite and less pronounced. Magnetic susceptibility described in the full basis
of 4f eigenstates is slightly smaller compared to the theoretical value predicted for the
ground multiplet. The largest deviation is attested for Dy3+ (&0.11) and Ho3+(&0.13).
For Gd3+ and Yb3+, the differences are rather negligible.

To a lesser extent, the above described trends are also valid for the molar
magnetization.

In all cases, the crystal-field effect induces further mixing between energy levels of
the ground and excited multiplets. To some extent, the crystal-field splitting of the
ground J multiplet will cause a reduction of XT compared to the free-ion data, while
the stronger admixture of the excited J multiplets (induced by the crystal-field split-
ting) will enhance the above discussed trends. Therefore, it is recommended to
describe the spin-orbit coupling and magnetic properties using the complete 4f N as
a basis.

1.3.5 Strong magnetic anisotropy and magnetization blocking
of lanthanide ions

Lanthanide ions currently hold leadership in the design of novel single-molecule mag-
nets [11,12,14,23,135–139]. The top-performant molecular magnets to date are based
on—or include as important ingredients—lanthanide ions. The reason why lanthanide
ions have taken over transition metals is their much larger total momentum, which
allows relatively large splitting in common chemical compounds. The effect of the
crystal environment leads, in certain cases, to strong (axial) magnetic anisotropy in
the ground and excited states [22,140]. The application of a magnetic field to a
strongly anisotropic compound orients all the magnetic moments of all molecules
in the crystal along the magnetic field (i.e., along their intrinsic gzmagnetization axis,
toward a minimum angle with the applied field). An efficient molecular magnet
(single-molecule magnet, SMM) is a complex molecule that is able to retain its
ownmagnetized state for a long time after the magnetic field is removed, at reasonably
high temperatures. Fig. 1.4 shows an optimal structure of the low-lying doublet states
of a molecular magnet, on the example of the best predicted SMM—the DyO+

[128,139]. At low temperatures, only the ground state j$n⟩ is populated. Application
of an external magnetic field leads to the population of only one component, for
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example, j+n⟩. In the absence of the applied magnetic field, the energy of the two com-
ponents becomes the same, and therefore, transition between the two components j+n⟩
and j&n⟩ may occur. Magnetic relaxation refers to the dynamic process of equalizing
the populations of the two components of the ground j$n⟩ doublet. At low tempera-
tures, the necessary condition for the blocking of magnetization is that the rate of the
flipping of magnetization via quantum tunneling of magnetization (QTM) process
between components of the ground doublet j+n⟩$j&n⟩ is small [21]. At larger tem-
peratures, two other relaxation mechanisms contribute to magnetic relaxation: Raman
and Orbach processes. Both of them involve absorption and emission of phonons via
spin-phonon interaction. At temperatures at which the first excited doublet acquires
population, temperature-assisted QTM process starts to contribute. The lowest
doublet state at which intensive magnetic relaxation occurs defines the height of

Fig. 1.4 Scheme of the low-lying spin-orbit states ($n) corresponding to the crystal-field
components of the ground-state atomic Jmultiplet in DyO+ cation [128]. This is an example of
an ideal SMM, where all relaxation channels are suppressed, except the ones displayed by red
arrows. Less efficient (i.e., less axial) molecular magnets contain significant values of the
transition matrix elements of the magnetic dipole and/or spin-phonon interaction between

various states, for example, &15
2 ! + 15

2 ,&
15
2 ! + 13

2 , &
15
2 ! + 11

2 , &
13
2 ! + 13

2 , and &
13
2 ! + 11

2 ,

opening new relaxation pathways that lead to lower barrier heights, stronger quantum tunneling,
and faster magnetic relaxation.
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the blocking barrier Ueff in the activation mechanism of relaxation. This mechanism
becomes dominant at relatively high temperatures, at which its rate exceeds the rates

of other processes (e.g., QTM): τ&1 ¼ τ&1
0 e

&
Ueff

kT

$ %

[87,141,142].
An efficient SMM is characterized by a large multistep activation barrier (Ueff),

involving as many doublet states as possible or as contained in the ground Jmultiplet.
This status is achieved in cases in which all transitions related to unwanted relaxation
processes between low-lying spin-orbit states are suppressed.

In common Ln3+ compounds, the low-lying states mostly originate from the
crystal-field splitting of the ground J multiplet [42]. Their wave functions can be
written as

nj i¼
XJ

m¼&J

cnm Jmj i (1.39)

The wave function of the state with magnetization in the opposite direction is obtained
by applying the time-reversal operator θ to the state jn⟩:

&nj i¼ θ nj i¼
XJ

m0¼&J

&1ð ÞJ +m
0
c∗n&m0 Jm0j i (1.40)

where them andm0 are projections of the total momentum J on some quantization axis,
while coefficients cnm are obtained by the diagonalization of the crystal-field operator:

bHCF ¼
X

k

Xk

q¼&k

BkqO
q
k Jð Þ (1.41)

where Bkq is parameters of the crystal field and Ok
q(J) is even-rank Stevens (complex)

operators of rank k and projection q for the J multiplet [40].
As discussed above, the dominant relaxation processes are mediated by the inter-

actions between magnetic moments of the molecules and phonons (organized vibra-
tions of all atoms in the crystal/surface) [21]. The electron-vibrational operator,
inducing transitions between low-lying doublets (Fig. 1.4), is similar in its structure
to Eq. (1.41), with the difference that the parameters of the crystal field depend on
the distortion modes involved in the corresponding phonon states, bkq¼∂Bkq/∂qi.
A general form of the electronic transition matrix elements between doublet states
with opposite magnetization can be expressed as

&njbkqOq
k Jð Þjn0

) *
¼
bkq
pk

J Okk kJh i'
X+J

m¼&J

X+J

m0¼&J

&1ð ÞJ +mcn&mcn0m0CJm
kqJm0 (1.42)
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where the reduced matrix element hJkOkkJi and the proportionality coefficients pk are
defined in Ref. [56], while CkqJm0

Jm is the Clebsch-Gordan coefficient [36]. The term on
the right-hand side of Eq. (1.42) becomes zero whenever the Clebsch-Gordan coeffi-
cient is zero, that is, when m+m0 6¼q. Since the maximum value of the projection q of
the Stevens operators in Eq. (1.41) is bound to$6, while the dimension of the ground
multiplet J for many lanthanides offers more freedom (e.g., $8 for Ho3+, $7.5 for
Dy3+ and Er3+), it must be possible to design such wave functions in the low-lying
doublets where the spin-phonon transition is completely blocked. This is achieved
whenever the difference between projections m (entering the wave function of h&n j)
and m0 (entering the wave function of jn0⟩) is large. In practice, this is achieved for an
axial (linear) crystal field, where j$n⟩ states are of almost pure jJ,$jmj⟩ character.
Fig. 1.4 shows an example for the best predicted Ln-based molecular magnet.

The importance of the bkqOk
q(J) individual components of the spin-phonon transi-

tion operators in Eq. (1.42) depends on the actual change in the magnetic structure
induced by vibrations [87,143,144]. For pure spin molecular magnets (e.g., Mn12Ac),
the dominant term in the spin-phonon transition is the rotation of the main anisotropy
axis of the ground doublet induced by vibrations. The corresponding spin-phonon
operators take the form of an anticommutator, proportional to {Sx,y,Sz}, where z is
the main anisotropy axis. In lanthanide systems, the “rotational” contribution to the
spin-phonon transition (of the form ({Jx,y,Jz}) is expected to be dominant as well
[145,146].

Magnetic relaxation at very low temperatures, at which only the ground state is
populated, is dominated by QTM, while its rate scales as the square of the tunneling
gap Δtun

2 [147,148]. The latter is defined as the energy difference between the two
components of the ground doublet. The tunneling gap can be of intrinsic origin—
for systems with an even number of electrons—or induced via a Zeeman splitting,

in complexes with an odd number of electrons (2Δtun ¼ μB
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g2xH

2
x + g

2
yH

2
y

q
, where

gx,y is the components of the g tensor in the transversal directions to the main anisot-
ropy axis and Hx,y is the respective components of the magnetic field).

Axiality of a doublet is defined as the smallness of the tunneling gap [128].
The necessary condition for SMM behavior is a high axiality of the ground doublet:

Δint ¼ &nj bHCFj+ n
D E

(1.43)

μx,y ¼ 2 &nj μ̂x,yj+ n
) *

=μB

where magnetic moment acquires a simple form μ¼ &gJμBJ, with matrix elements
similar in structure to Eq. (1.42) (Jα(O1

α) [36]; therefore, all arguments given there
for the suppression of the spin-phonon matrix elements are applicable here as well. In
particular, for large differences between projections of the J moment entering in the
expansion of ⟨&nj and jn⟩ (Eqs. 1.40, 1.41), the quantities in Eq. (1.43) are suppressed.
This is achieved, for example, when axial components of the crystal field in Eq. (1.42)
(B20, B40, and B60) significantly exceed the effect of the nonaxial components
(B2q, B4q, B6q, and q 6¼0). Such a situation leads to a strong axial character of the wave
functions of the ground doublets, j$n⟩+ jJ,$jmj⟩.

30 Lanthanide-Based Multifunctional Materials



The Ising character of the doublet functions permits one to reduce the transition
matrix elements of the “rotational” contribution to the electron-vibrational interaction,
({Jx,y,Jz}, to the matrix element of the corresponding Jx,y (or μx,y). The average
matrix element of the spin-phonon transition can be written as [128,129]:

μ&n,n0 ¼
1

3
&nj μxjn0h ij j+ &nj μyjn0

) *"" "" + &nj μzjn0h ij j
. /

(1.44)

The spin-phonon transition scales as a square of μ&n,n0 . This allows to assess the rel-

ative importance of relaxation paths between various states and to understand the
structure of the relaxation barrier [129,149,150]. In the case of a perfectly axial crystal
field (all B2q,B4q, B6q, and q 6¼0 are zero), the wave functions of the ground Jmultiplet
have pure jJ,$jmj⟩ character. As an example, libration- and rotation-type nuclear
motions induce spin-phonon transitions in linear (axial) molecules, such as DyO+.
Indeed, Eq. (1.44) shows that only transitions between states differing by Δm¼ $1
are allowed. Fig. 1.4 shows the resulting blocking barrier for this cation.

Perfect magnetic axiality may be induced by symmetry. For example, a doublet is
perfectly axial (g?¼0) only if the irreducible representation E? , after which the two
transversal components of the magnetic moment transform (denoted by E, E1, or E

0 in
different symmetry groups), is not contained in the symmetrized square of the irreduc-
ible representation EKD after which this Kramers doublet transforms, E? 62 [EKD

2 ].
Table 2 in Ref. [128] lists all possible cases in which perfect axiality for Kramers dou-
blets and for Ising doublets is achieved.We have investigated by ab initiomethods the
influence of coordination number and geometry on the nature of the ground state of a
hypothetical [DyFn]

3&n anion series (at R ¼2.5 Å). The obtained crystal-field splitting
and the dominant component of the projection of the total momentum J on the quan-
tization axis are shown in Fig. 1.5. The results show clearly that low coordination
numbers give the largest crystal-field splitting (and magnetic axiality). Conversely,
the closer the distribution of the surrounding ligands to the spherical symmetry is
(i.e., large coordination numbers and high symmetry), the smaller the crystal-field
splitting is. The lack of magnetic anisotropy is attested for icosahedral, octahedral,
cubic, and tetrahedral point-group symmetries.

The performed ab initio calculations (without employing any symmetry con-
straints) have shown that low-symmetry Ln3+ ions and fragments may also display
strong magnetic anisotropy (axiality) for a few excited doublet states. The main mag-
netic axes in excited doublet states may be rotated with respect to the main axis of the
ground doublet state, sometimes with rotations in the order of several tens of degrees.
This fact underlies a major mechanism for spin-phonon transitions between axial dou-
blets. To understand this, one needs to rotate the wave function of the excited doublets
to be collinear with the quantization of the ground doublet. Some of the coefficients of
decomposition with small difference of projections (m&m0, see Eq. 1.42) of the rotated
wave function are strongly dependent on the rotation angle. These coefficients quickly
increase with the rotation angle between the states, explaining why the spin-phonon
process becomes operative in such doublet state. Indeed, in most mononuclear lantha-
nide compounds, the relaxation barrier corresponds to the energy of the first excited
doublet state. Indeed, because of the large angle between magnetic axes in the ground
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and excited states, there will be relaxation of the Orbach and Raman types between
them. In the presence of strong/dominant axial crystal-field components, the angle
between ground and excited doublets is small, thus suppressing the spin-phonon relax-
ation. In fact, lanthanide-based molecular magnets with relaxation barrier corres-
ponding to the second [149,151], third [152], and even fourth excited Kramers
doublets [137,153,154] have been identified in real compounds.

Electronic density of free lanthanide ions with definite projection of the total
momentum J on a given axis is symmetrical w.r.t. rotation around that axis. It depends
nonmonotonically on the nature of the lanthanide ion and on the specific J eigenstate
[155]. Decomposition of the electronic density of the 4f electrons up to second rank
(up to quadrupole moment) gives an ellipsoid of rotation, either prolate (axially elon-
gated) or oblate (expanded at equator) [156]. Within such a simplified description,
it is possible to correctly explain the stabilization of |Jm⟩ states of Ln3+ ions in envi-
ronments with dominant axial and/or equatorial components of the crystal field.
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Fig. 1.5 Structure of low-lying Kramers doublets of the J¼15/2 ground-state multiplet of
hypothetical [DyFn]

3&n complexes of Dy3+, calculated by ab initio methods for various
coordination geometries at an arbitrary fixed Dy-F distance (2.50Å). The coordination numbers
n are given at the bottom.m indicates the projection of the total angular momenta J in the ground
KD state. For the icosahedron, cube, and tetrahedron, the ground state is Γ8 (fourfold
degenerate), and it is magnetically isotropic (i.e., with no preferred orientation of
magnetization). The ground doublet state of the octahedral structure is an isotropic Kramers
doublet.
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For example, Dy3+ ion has a prolate electronic density in the 15
2 , $

1
2

"" *
doublet state and

an oblate density in the 15
2 , $

15
2

"" *
doublet. The latter doublet is stabilized by an axial

crystal field, while the former is stabilized by an equatorial field, clearly confirmed by
the ab initio computed data in Fig. 1.5. The situation is rather different in the case of

Er3+ ion: electronic density is prolate in the 15
2 , $

15
2

"" *
state and oblate in the 15

2 , $
1
2

"" *

state. The latter is stabilized by an axial ligand field, while the former is stabilized by
an equatorial ligand field, opposite to the situation described for Dy3+ ion.

In order to understand the factors underlying the drastic differences in the stabili-
zation of the ground-state crystal-field multiplet in Dy3+ and Er3+ complexes, Fig. 1.6

shows the orbital structure of the 15
2 , $

15
2

"" *
state for both ions in an axial ligand field.

Comparing the plots in Fig. 1.6B and C, one can note that the two additional spin-
down electrons in Er3+ occupy the orbitals that are most destabilized in axial ligand
fields (ml¼1 and 0).

This destabilization is produced by stronger covalent [57] and electrostatic inter-
actions of these orbitals with the ligand ones because of their elongation in the axial
direction (Fig. 1.6D) [157]. As a consequence of this, the energy destabilization of the
orbitals with ml¼1 and 0 is the fundamental reason why the axial fields stabilize the
15
2 , $

15
2

"" *
state of the Dy3+ and destabilize the analogous state in Er3+.

On the basis of the above considerations, confirmed by rigorous ab initio
calculations, it was theoretically predicted [158] that [Er(COT)2]

& anion
(COT2& ¼cyclooctatetraene anion) would block the magnetization much better than
its Dy3+ analogue. This prediction achieved experimental confirmation [132,159].
Fig. 1.7 shows a comparison between the magnetic hysteresis curves of the Dy and
Er anions (Fig. 1.7A and B) and their ab initio computed blocking barriers
(Fig. 1.7C and D).

Fig. 1.6 Orbital structure of

the 15
2 ,

15
2

"" *
state of Dy3+

(B) and Er3+ (C) ions in a pure
axial CF (A). The energy
levels correspond to seven
atomic 4f orbitals that are split
into three orbital doublets in
an axial field, with the
projection of the electronic
orbital momentum l on the CF
axis ml ¼$3, $2, and $1,
and one orbital singlet with
ml ¼0. The plots in part
(D) show a real combination
of the corresponding $jmlj
orbitals. In contrast to them,
the density of complex ml

orbitals is invariant with
respect to rotations around z.
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Fig. 1.7 (A) Magnetization hysteresis loops for [Er(COT)2]
& anion measured on a SQUID at

35Oe/s sweep rate at indicated temperatures. At T ¼1.8K, the coercivity (distance between
M(H) points at M ¼0) is ca. 7000Oe. (B) Equivalent measurement for [Dy(COT)2]

& at
1.8K. (C) The magnetization blocking barriers in [Er(COT)2]

& (A) and [Dy(COT)2]
&

(B) compounds. The thick black lines represent the Kramers doublets as a function of their
magnetic moment along the axis connecting the centers of COT rings. The green dashed lines
correspond to diagonal quantum tunneling of magnetization (QTM); the blue dashed lines
represent Orbach relaxation processes. The numbers next to each arrow stand for the mean
absolute value of the corresponding matrix element of transition magnetic moment
((jμX j+jμY j+jμZ j)/3). The path shown by the red arrows represents the most probable path for
magnetic relaxation in the corresponding compounds.
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An interesting effect that can be mentioned here is that oblate ions display a sig-
nificantly larger crystal-field splitting compared with prolate ones in an identical
crystal-field environment. For example, [Dy(COT)2]

& anion shows a crystal-field
splitting twice larger than that of [Er(COT)2]

& analogue compound. These differences
between the properties of the ground J multiplet of Dy3+ and Er3+ ions are related to
the opposite signs of the Stevens α and β parameters, which are larger for Dy3+ and of
opposite sign [39,40].

Thus, a few advices on how to design better molecular magnets based on lanthanide
ions are as follows:

l Use oblate lanthanide ions (Dy3+, Tb3+, and, to a lesser extent, Ho3+), since they offer the
highest blocking barriers (due to larger crystal-field splittings).

l Effectively lower the coordination number. This means that the chemical design of a novel
molecular magnet should attempt to obtain a strong chemical bond between the Ln3+ ion and
one ligand atom (or two ligand atoms, at opposite sides). At the same time, all other chemical
bonds should be as weak as possible, to avoid perturbing themagnetic axiality induced by the
designed short chemical bond. In this way, the effective coordination number approaches the
axial limit.

l Attempt to obtain two-coordinate or linear compounds, provided that equatorially bonded
ligand atoms destroy the axiality in a drastic manner [130,139,160] and that their removal
from the coordination environment leaves the dominant axial ligand field as the only source
of perturbation.

l Deposit or store the strong magnetic units, such as DyX, TbX, or HoX (where X¼F, Cl, O,
etc.), on a surface or on top of or inside some material. The condition here is that the surface
or the host material leads to a weaker interaction to the Dy site than the bonded oxygen, such
that the dominant contribution of the latter is preserved as close as possible to the gas-phase
situation.

Fig. 1.8 shows that the blocking barrier of the deposited or the hosted DyO+ unit is
significantly larger compared with the blocking barrier displayed by the deposited free
Dy3+ ion.

To date, oblate lanthanide ions (in particular, Dy3+) keep current records for the
performance of magnetization blocking behavior. The current top-performant
single-ion magnet is the [Dy(cp)2]

+ cation, which displays magnetic hysteresis at
nearly 60K, with a calculated height of the activation barrier of 1800cm&1

[137,153], thus approaching the predicted theoretical limit of (2100cm&1 for
DyO+ (Fig. 1.4). Among other recently reported single-ion magnets, one can mention
Dy in nearly D5h symmetry, [130,131,161,162], a nearly linear Dy compound [150],
a diamide Dy compound [163], etc.

1.3.6 Accuracy of the ab initio methodology for the prediction
of the electronic structure and properties of lanthanide
systems: Er-trensal case

The accuracy of the predicted crystal-field splitting is strongly dependent on the qual-
ity of the performed calculations. Ab initio computational methods can be improved
on a rigorous basis (i.e., systematically) by increasing the level of computational
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description of the wave function. This property underlines a clear advantage of these
methods over phenomenological models (e.g., PCM), semiempirical quantum chem-
istry approaches, and methods based on density functional theory (DFT). The compu-
tational method based on state-average CASSCF/SO-RASSI/SINGLE_ANISO
described in Section 1.3.2 proved a reliable and reasonably accurate tool for the
description of the electronic structure and magnetism of a large number of
lanthanide-based complexes [22]. This computational strategy could be systemati-
cally improved (i) by considering larger basis sets describing individual atoms in
the investigated compound, (ii) by considering a larger active space for the CASSCF
method, (iii) by including the dynamic electronic correlation (the CASPT2 step),
(iv) by describing the spin-orbit coupling at a better level (e.g., by mixing more spin
states within the spin-orbit interaction), (v) by accurately describing the electrostatic
Madelung and other long-range effects of the environment, and (vi) by lowering the
thresholds (increasing the integration grids) for various integral evaluation and/or
density-fitting algorithms and tightening the numerical convergence of the ab initio
calculations. Such increase of the computational level is particularly important for
the accurate evaluation of the entire crystal-field spectrum. Indeed, the CASSCF/
RASSI is usually sufficient for a reasonable description of the ground and low-lying
crystal-field states (mostly responsible for the magnetism), while it can often under-
estimate the energies of the excited crystal-field states. The accuracy of prediction of
excited terms could be also improved.

Clearly, a complete benchmark of all abovementioned effects is needed. Here, the
effects of the size of the active space, of the dynamic electron correlation, and of the
Madelung potential on the predictions of the crystal field are discussed on the basis of
the recently investigated trigonal Er-trensal molecule [57,164]. For this compound,
the CASSCF/RASSI computational approach proved to be insufficiently accurate
for the description of magnetic properties and crystal-field spectrum for the excited
four crystal-field levels. It must be mentioned here that Er-trensal was thoroughly
investigated by experimental means. Low-lying energy spectra were extracted from
luminescence measurements [165,166], and a few of the transitions received further
confirmation from inelastic neutron scattering (INS) investigation [164]. Magnetic
properties of this compound were probed by single-crystal magnetic measurements,
while g tensor in the ground doublet state received additional confirmation from an
electron paramagnetic resonance (EPR) study.

All calculations shown in this section were performed using MOLCAS quantum
chemistry package [101] and were based on the experimental structure of the
Er-trensal complex, determined at room temperature. Er, O, N, and C atoms close
to Er were described by ANO-RCC-VDZP basis sets [167]. Further distant C and
H atoms were described by the same basis but without polarization. Spin-orbit inter-
action was considered within RASSI code and included 35 spin quartet states,
optimized within a state-average CASSCF calculation. Dynamic correlation was con-
sidered within the CASPT2 method and made use of the recently implemented
extended multistate feature [116,117]. The application of the conventional multistate
CASPT2 method is compromised by its inability to preserve exact degeneracies. As a
matter of fact, for free lanthanide ions, the spurious splitting of exactly degenerate
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states of the atomic J multiplet predicted within the standard multistate CASPT2
method is of the same order of magnitude as the crystal-field splitting arising due
to ligands’ environment. This makes the conventional CASPT2 approach rather inap-
plicable for the calculation of the low-lying part of the crystal-field splitting in lan-
thanides. Standard multistate NEVPT2 may suffer from similar issues. In contrast,
the extendedMS-CASPT2 version (also available inMOLPRO package) does not suf-
fer from this problem. In all CASPT2 calculations, the IPEA shift [168] was set to
0.0 Ha (in place of the default 0.25 Ha), and the imaginary shift was set to 0.1 Ha
to avoid intruder state problems. The code’s default choice for the number of frozen
orbitals was kept unaltered. The electrostatic effect of the crystal environment
(Madelung potential) was modeled as follows: each atom from the neighboring five
layers of unit cells of molecules was modeled by its own Mulliken charge obtained in
the previous calculation.

Table 1.5 shows the results of the ab initio calculations with a varying level of
accuracy in comparison with the spectrum of crystal-field multiplets extracted from
measurements of luminescence. The models A1 and A3 in Table 1.5 show a close
agreement with previously reported ab initio results on this compound [164], albeit
employing a larger basis set. The Madelung electrostatic field of the crystal has a sim-
ilar effect in all computational models: it reduces the energies of Kramers doublets 2,
3, 4, 6, 7, and 8 by ca. 5–10cm&1, and it increases the energy of the Kramers doublet 5
by ca. 2–5cm&1. A more noticeable effect of the Madelung potential is seen on the g
tensor of the ground Kramers doublet: gX and gY values increased, while gZ is reduced.

Table 1.5 Low-lying energy spectrum (in cm21) and g factors of the
ground Kramers doublet of Er-trensal obtained by
CASSCF/CASPT2/RASSI computation

CASPT2 Not included Included Not included Included
Effect from neighbor
moleculesa

Not included Not included Included Included

Model A1 A2 A3 A4 Exp. [164–166]a

CASSCF active space: CAS(11 in 7) (4f 11 shell)

1 0.0 0.0 0.0 0.0 0
2 61.4 83.4 53.4 75.7 54
3 100.9 140.3 92.2 129.4 102
4 101.3 149.1 97.0 145.0 110
5 211.2 359.4 213.3 362.7 299
6 413.1 607.1 404.6 597.8 568
7 454.8 677.0 447.1 668.8 610
8 482.9 724.1 473.9 713.2 642
gX 2.33 3.13 2.80 3.82 3.36
gY 2.33 3.17 2.80 3.87 3.36
gZ 13.69 12.60 13.05 11.58 11.90
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Despite the relative good agreement for the lowest three excitation energies of the
A3 model, the total splitting (473cm&1) is clearly underestimated compared with the
measured one (642cm&1). We notice that in all cases (models 2 and 4, all active
spaces), the effect of dynamic correlation leads to an increase of the total splitting
of the ground atomic J ¼15/2 of Er3+ compared with the corresponding CASSCF/
RASSI results. In the case of minimal active space (models A2 and A4), the increase
of the crystal-field splitting is larger than the measured one, an effect attenuated by
larger active spaces. The increase of the total splitting has as a drawback the poorer
description of the low-lying excited states. A similar trend is noticed for the transver-
sal g factors of the ground Kramers doublet, gX,Y, which become larger than their

Table 1.5 Continued

Model B1 B2 B3 B4 Exp. [164–166]a

CASSCF active space: CAS(11 in 14) (4f11+5f 0 shell)

1 0.0 0.0 0.0 0.0 0
2 69.7 80.5 60.5 71.7 54
3 109.4 130.0 99.6 119.4 102
4 110.1 132.2 104.1 127.6 110
5 239.4 304.4 239.8 308.6 299
6 441.5 547.8 431.4 538.7 568
7 486.2 599.2 476.9 591.4 610
8 517.9 635.4 506.7 625.6 642
gX 2.47 2.74 3.00 3.33 3.36
gY 2.47 2.75 3.00 3.35 3.36
gZ 13.55 13.16 12.82 12.32 11.90

Model C1 C2 C3 C4 Exp. [164–166]a

RASSCF active space: CAS(17 in 25) (Ras1, 5p6; Ras2, 4f 11, Ras3, 5f 0, 5d 0, and 6p0)b

1 0.0 0.0 0.0 0.0 0
2 61.9 71.6 52.7 63.3 54
3 105.2 121.1 94.8 110.9 102
4 107.4 125.4 102.2 121.0 110
5 233.4 293.2 234.4 297.6 299
6 453.7 534.2 443.9 525.2 568
7 499.1 582.4 490.1 574.6 610
8 528.8 613.3 518.0 603.9 642
gX 2.50 2.77 3.08 3.42 3.36
gY 2.50 2.78 3.09 3.45 3.36
gZ 13.49 13.08 12.68 12.14 11.90

aElectrostatic effect of the crystal (Madelung potential) was modeled by Mulliken atomic charges of five layers of
surrounding unit cells of molecules.
bConfigurations with maximum two holes in Ras1 and maximum two electrons in Ras3 were allowed.
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uncorrelated equivalents, while the effect of the Madelung potential makes gX,Y even
larger than the experimental ones (Table 1.5).

The increase in the active space by the addition of the double shell—another set of
seven metal-based f orbitals—leads to a significant improvement in the results
(models B2 and B4). In these cases, the total splitting of the ground J ¼15/2 multiplet
is in almost perfect agreement with the total splitting obtained experimentally. Even
more, a correct trend for the excitation energies of all Kramers doublets is noticed.
Calculated g tensors of the ground Kramers doublets are also in an almost ideal agree-
ment with experimental data. Since by increasing the active space we actually include
some of the dynamic correlation at the CASSCF level, the “overshooting” effect of
the CASPT2 is not seen anymore, which is a nice point of this approach. The same
is true for the ground-state g tensor (Fig. 1.9).

Finally, the active space was further increased by including 5p6, 5d0, 6p0, and 5f 0

orbital configurations in addition to the minimal active space. Since the number of
configurations generated within the CASSCF method becomes very large for such
an extended active space, we employed the RAS restrictions (see Table 1.5). RASPT2
calculations [101,108,169,170] were performed on top of the optimized RASSCF
wave functions. Since more of the dynamic correlation is accounted for at RASSCF
level, we notice an increase of the total splitting for models C1 and C3 (uncorrelated)

Fig. 1.9 A comparison between various ab initio approaches to the calculation of crystal-field
spectrum of Er-trensal with data extracted from luminescence [166]. All ab initio calculations
included the Madelung potential. Labels stand for specific computational models listed in
Table 1.5.
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compared with smaller active spaces A1, A3, B1, and B3, respectively, corroborated
by an increase in the gX,Y values for the ground Kramers doublet. This is clearly an
effect of additional dynamic correlation included at the RASSCF level. As a result,
there is less correlation to be included at the RASPT2 level of theory. Consequently,
the differences between the C and B models are smaller compared with A models,
respectively. One also finds that dynamic correlation also contributes to a better
description of the static magnetic properties: magnetic susceptibility and molar
magnetization [57].

One may conclude that the dynamic correlation effects for lanthanide compounds
is a necessary ingredient for accurate estimation of crystal-field spectrum and
magnetic/electronic properties of individual crystal-field doublets of lanthanide com-
plexes, provided that the active space of the CASSCF method is chosen large enough
(like in models B or C) to counteract the overshooting effect of the second-order
perturbation theory seen for the minimal active spaces. Given the small energy differ-
ences in the crystal-field levels of lanthanides, the weak electrostatic effect of the crys-
tal (the Madelung potential) also plays an important role to improve the overall
accuracy.

Dynamic electron correlation was considered in other studies related to lanthanides
[84,171,172].

1.3.7 Semi-ab initio description of electronic and magnetic
structures of polynuclear compounds

The description of the electronic structure and magnetism of polynuclear compounds
is extremely challenging for current ab initio methods. The difficulties arise due to
several factors: firstly, because of the larger dimension of the active space of the CAS-
SCF method required, which must include all frontier molecular orbitals (e.g., all sets
of 3d and 4f shells containing unpaired electrons); secondly, due to the much larger
number of spin states required to be included in the spin-orbit coupling for the poly-
nuclear compound; and, thirdly, because of the requisites for the numerical accuracy
of the calculation, which are much tighter for the dynamic correlation methods
(e.g., CASPT2) and which, ideally, would need to provide accurate energy differences
within<1cm&1 (and, if possible, lower). For obvious reasons, such computational and
numerical difficulties preclude, at least for now, the direct application of existing
ab initio methods to polynuclear lanthanide-based systems.

Density functional theory calculations of the magnetic exchange coupling param-
eter (i.e., broken-symmetry DFT [173]) have been done for Gd-transition-metal (TM)
and Gd-radical (R) complexes, but cannot be directly applied to other lanthanide ions
due to the near-degeneracy and multiconfigurational nature of the ground- and low-
lying excited-state wave functions, which precludes the application of DFT, in prin-
ciple. Luckily, given the strong magnetic axiality displayed by lanthanide ions, the
magnetic exchange between two lanthanide ions (Ln1-Ln2) or the interactions
between a lanthanide ion and an isotropic spin or a radical (Ln-S) reduce to the
Ising-type interaction between the lowest double states. The latter can be accurately
described within a semiempirical two-step approach reviewed in this section.
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To overcome these computational difficulties, a semi-ab initio approach was devel-
oped that allows to describe with reasonable accuracy the low-lying electronic and
magnetic structures for polynuclear compounds [22,126,127]. The method is based
on several steps:

(i) Breaking down of the polynuclear compound into several mononuclear fragments, such
that the localized electronic structure of each metal site is not significantly affected. This
involves the computational substitution of all neighboring metal sites of a given center
for their diamagnetic equivalents (e.g., neighboring effect of the Dy3+ is computationally
modeled with reasonable accuracy by the diamagnetic (closed shell) Lu3+ ion), while the
ligand framework is left unaltered in all fragments.

(ii) Computational investigation of each fragment by ab initio means (e.g., CASSCF/
CASPT2/RASSI/SINGLE_ANISO). Localized spin-orbit energy structure, local spin
moment, and magnetic moment local magnetic properties (g and D tensors, magnetic
susceptibility, and molar magnetization) are obtained for each fragment/metal site.

(iii) The total interaction Hamiltonian (magnetic exchange+magnetic dipole-dipole interac-
tion) is built and diagonalized in the basis of the products of the local ab initiowave func-
tions and eigenstates obtained for the individualmetal sites at (ii). Themagnetic exchange
interactions between metal fragments are included in an effective (phenomenological)
way using the line approximation [174]. Magnetic dipole-dipole interaction between
different centers is computed exactly, since all local magnetic properties are known.

(iv) Computation of magnetic properties of the entire polynuclear compound using the
obtained exchange eigenstates at (iii), also accounting for the magnetic moment of
the local states that were not included in the exchange basis.

(v) Extraction of the strength of the magnetic interaction from the direct comparisons
between computed and measured magnetic data.

The above described algorithm was proposed, implemented, and employed for the
first time for the investigation of the origin of nonmagnetic ground state of a Dy3 tri-
angle [126,127]. The algorithm was implemented in the POLY_ANISO software and
is available as a module in MOLCAS package [101] and also as a stand-alone
program.

Figs. 1.10 and 1.11 show the local energy structure of individual Dy sites in Dy3
triangle. The obtained local main magnetic axis (gZ) lies in the plane of the Dy3 mol-
ecule,making an angle of ca. 60 degreewith each other. Themagneticmoments of each
center approach their limit with values of gZ + 20 μB. The magnetic moments of each
center along the other two local axes (gX,Y) are very small (<0.1 μB), which means that
the magnetization of the individual Dy site can only occur along its own gZ axis. Given
the fact that magnetic exchange is rather weak and that it occurs only between low-
lying energy states, it leads to certain correlated arrangements of the local moments.
In this Dy3 triangle, the dipole-dipole interaction alone leads to the stabilization of
the toroidal (nonmagnetic) arrangement in the ground state. Exchange interaction
between sites further contributed to this stabilization. Magnetic excited exchange
states (three Kramers doublets, where one moment is reversed w.r.t. the Fig. 1.10B)
are around 7.5cm&1 higher than the ground nonmagnetic state. At low tempera-
tures, Boltzmann population of excited states is rather small; therefore, only the total
moment of the ground state (which is very close to zero, i.e., nonmagnetic) is detected.
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Resulting molar magnetization is rather small. Since magnetic excited states strongly
interact with the applied magnetic field, they become ground states already at fields
of ca. 0.9T. This is the reason for the sharp jump in the molar magnetization
at 1.8K (Fig. 1.11A). Overall, this computational methodology allows a surprisingly
good description of the measured magnetic properties for this compound (Fig. 1.11).
In particular, experimental extracted orientation of the local axes shows agreement
with theoretical predicted axes within a few degrees [176,177].

The class of compounds with toroidal magnetization in the ground state are called
single-molecule toroics (SMT) [178–181] and have attracted significant attention
due to their possible usage as quantum information units, since toroidal moment
may be controlled by an electric field [182,183]. The noncollinear magnetic structure
lies at the core of a large number of interesting phenomena such as spin glass [184] and
multiferroic behavior [185–187].

Since then, this methodology has been applied to/validated on a wide variety of
polynuclear compounds containing lanthanides and/or transition metals as core
magnetic ingredients [188–192].

1.4 Conclusions and outlook

Theoretical/computational description of the electronic structure and properties of
materials containing lanthanide ions has a history of several decades. Since the early
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Fig. 1.10 (A) Energy structure of the ground J¼15/2 multiplet of the Dy3+ sites in the Dy3
triangle [175]. (B) Molecular structure of the Dy3 triangle. Dashed lines represent the main
magnetic axis (gZ) of the ground Kramers doublet of each site (gX,Y (0 and gZ(20 μB for each
Dy site). Blue arrows represent the arrangement of local moments in one of the two components
of the ground exchange state of the entire Dy3 triangle. The toroidal arrangement of local
moments is the reason why the molecule is not magnetic at low temperature.
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days, this task has been very challenging due to many factors, many of them deriving
from the peculiarity of the relatively weak but important interaction between the 4f
shell with other metals’ and ligands’ orbitals.

A review of electronic and magnetic structure of free lanthanide ions has been
given, alongside a brief discussion of the main phenomenological models used for
the rationalization of experimental optical and magnetic data.

We have shown here that the ab initio calculations based on CASSCF/CASPT2/
RASSI/SINGLE_ANISO implemented in MOLCAS package provide a description
of magnetic properties with experimental accuracy, while the parameters of
pseudospin magnetic Hamiltonians describing these properties can be routinely
derived from the results of these calculations. They have been valuable for the field
of molecular magnetism, allowing the rationalization and prediction of the magneti-
zation blocking behavior of various existing and model compounds. The importance
of the dynamic electronic correlation for accurate predictions of the electronic struc-
ture and the properties of lanthanide-based compounds has been demonstrated.
The ab initio methodology, complemented by a phenomenological description of
anisotropic exchange interactions within the Lines model, has proved successful
for the description of a large variety of polynuclear compounds involving lanthanides.

With respect to optical properties, ab initiomethods are still less frequently applied
than the phenomenological Judd-Ofelt approach. Among many reasons, the descrip-
tion of optical processes is still a heavy computational task, which required the treat-
ment of large active spaces and an accurate account of a (very) large amount of states
originating from the ground and excited configurations. Important progress in the field
of electronic structure methods, which already led to the development of DMRG and
FCIQMCmethods that allow optimizations of large active spaces, and the novel elec-
tron correlation methods that allow the accurate description of ground and excited
states for multireference wave functions gives confidence that the ab initio method-
ology will allow for quantitative description of optical properties of lanthanide
compounds.

As future work regarding magnetic properties of lanthanide-based materials, there
is clearly a need to describe magnetic relaxation processes of molecular magnets at the
ab initio level and the intricate nature of the intra- and intermolecular magnetic
(exchange) interactions. Some promising research in this direction gives grounded
hopes that this task is realistic, for example, [193–195].

Given the multitude of existing and novel computational methods, future work
is needed to benchmark their performance for the description of near-degenerate
ground and excited states, without inducing unphysical (erroneous) splittings.
Work is also required to test various methods accounting for the environment
effects (embedding) and to assess the errors induced by various integral approxi-
mations (such as resolution of identity, Cholesky decomposition of molecular
integrals [196,197], or density-fitting-based methods [198,199]) for the dense,
near-degenerate energy spectra of lanthanide systems. Recently, efforts are being
made to develop ab initio methods with reduced scaling compared with CASSCF/
RASSI approach [200–202].
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[97] P.Å. Malmqvist, A. Rendell, B.O. Roos, The restricted active space self-consistent-field
method, implemented with a split graph unitary group approach, J. Phys. Chem.
94 (1990) 5477–5482, https://doi.org/10.1021/j100377a011.

[98] D. Ma, G. Li Manni, L. Gagliardi, The generalized active space concept in multi-
configurational self-consistent field methods, J. Chem. Phys. 135 (2011), https://doi.
org/10.1063/1.3611401.

[99] T. Fleig, J. Olsen, C.M. Marian, The generalized active space concept for the relativistic
treatment of electron correlation. I. Kramers-restricted two-component configuration
interaction, J. Chem. Phys. 114 (2001) 4775–4790, https://doi.org/10.1063/1.1349076.

[100] T. Fleig, J. Olsen, L. Visscher, The generalized active space concept for the relativistic
treatment of electron correlation. II. Large-scale configuration interaction implementa-
tion based on relativistic 2- and 4-spinors and its application, J. Chem. Phys. 119 (2003)
2963–2971, https://doi.org/10.1063/1.1590636.

[101] F. Aquilante, J. Autschbach, R.K. Carlson, L.F. Chibotaru, M.G. Delcey, L. De Vico,
I. Fdez Galván, N. Ferr!e, L.M. Frutos, L. Gagliardi, M. Garavelli, A. Giussani, C.
E. Hoyer, G. Li Manni, H. Lischka, D. Ma, P.Å. Malmqvist, T. M€uller, A. Nenov,
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