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Calculations of Magnetic Exchange in 
Multinuclear Compounds 

Giang Truong Nguyen and Liviu Ungur 

Abstract The magnetic exchange interaction between metal centers in multinuclear 
compounds plays a defining role in their low-temperature magnetic behavior. Pre-
dicting magnetic exchange by computational methods is of high importance for the 
development of novel magnetic, spintronic materials, and devices that drives fur-
ther the development of advanced computational methods. In this chapter, we give a 
brief overview of the origin of magnetic exchange and describe various microscopic 
theories accounting for it. Several computational approaches which allow the estima-
tion of magnetic exchange in multinuclear compounds are reviewed. Computational 
challenges of the existing methods for accounting for the magnetic exchange will be 
discussed in detail in subsequent sections. The combination between accurate on-site 
eigenstates obtained in ab initio calculations (CASSCF + SOC + ANISO) and the-
oretical modeling of the magnetic dipole–dipole and exchange interactions within 
the Lines model, and the recently developed kinetic exchange model is described 
alongside several recent examples. The last section offers a review of several results 
obtained recently and gives our perspective on how to achieve an efficient interplay 
between strong magnetic exchange and a highly axial crystal field on metal sites for 
designing better exchange-coupled multinuclear single-molecule magnets. 

Keywords Magnetic exchange · Broken-symmetry DFT · Ab initio calculations ·
Magnetic anisotropy ·Mechanisms of magnetic interaction · Lines model ·
Multireference methods 

3.1 Origin of Magnetic Exchange 

In the language of quantum chemistry, the wave function of a quantum system con-
tains all the required information for the description of its properties. For a many-
electron system, the wave function is obtained by solving the electronic Schrodinger 
equation: 
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Helec!elec = Eelec!elec, (3.1) 
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. 
(3.3) 

N is the number of electrons in the system, ĥ(i ) describes the kinetic and nuclear 
potential energy of the electrons, and r!1 

12 represents the Coulomb repulsion. The 
antisymmetric principle states that “a many-electron wave function must be anti-
symmetric with respect to the interchange of the coordinate (both space and spin) of 
any two electrons”, i.e.,

!(x1, . . . ,  xi, . . . ,  xj, . . .  xN) = !!(x1, . . . ,  xj, . . . ,  xi, . . .  xN), (3.4) 

where

!(x1, x2, . . . ,  xN) = 
1 

N !
√

∣∣∣∣∣∣∣∣∣∣∣

χ1(x1) χ2(x1) .  .  .  χn(x1) 
χ1(x2) χ2(x2) .  .  .  χn(x2) 

... 
... 

. . . 
... 

χ1(xn) χ2(xn) .  .  .  χn(xn)

∣∣∣∣∣∣∣∣∣∣∣

(3.5) 

is a Slater determinant. χi (xj) denotes the molecular orbital i spanned by the electron 
j . The index xj stands for four variables: three spatial r = (x, y, z) and one spin 
variable ω of the electron j . Each molecular orbital χ(x) may be written as a product 
of a spatial ψ(r ) and a spin σ (ω)  functions. The spatial (orbital) part describes the 
position of the electron such that 

P = 〈ψr |ψr 〉 =
∫

|ψ(r )|2 dr, (3.6) 

is the probability of finding the electron in an infinitesimal volume around the position 
r . The spin of the electron represents an intrinsic angular momentum of the electron 
and only has two projections along a certain quantization axis (usually z), i.e. [ 1],
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σ (ω)  =
{

α(ω) 
β(ω), 

(3.7) 

and α(ω) and β(ω) are orthonormal:

〈α|α〉 = 〈β|β〉 =
∫

α∗(ω)α(ω) =
∫

β∗(ω)β(ω) = 1,

〈α|β〉 = 〈β|α〉 =
∫

α∗(ω)β(ω) =
∫

β∗(ω)α(ω) = 0, 
(3.8) 

where α(ω) is often used to denote spin up (↑), while β(ω) denotes spin down (↓). 
A molecular orbital is represented as a product between spatial and spin functions: 

χ(x) =
{

ψ(r )α(ω) 
ψ(r )β(ω). 

(3.9) 

According to the Pauli exclusion principle, each spatial orbital ψr may be popu-
lated with a maximum of two electrons with opposite spins. This restriction is nicely 
embedded into the Slater Determinant representation of the multi-electronic wave 
function (Eq. 3.5) such that the determinant vanishes if two rows/columns are iden-
tical. Furthermore, the Slater determinant also ensures the indistinguishability of 
electrons. 

Let us consider a simple system, in which there exist two electrons, whose 
one-electron wave functions are χi (r1,ω1) and χ j (r2,ω2). The antisymmetric two-
electron wave functions for the whole system are

!1(x1, x2) = 
1 

2
√

(
ψi (r1)ψ j (r2) ! ψ j (r1)ψi (r2)

)
(α(ω1)α(ω2)),

!2(x1, x2) = 
1 

2
√

(
ψi (r1)ψ j (r2) ! ψ j (r1)ψi (r2)

)
(β(ω1)β(ω2)),

!3(x1, x2) = 
1 
2

(
ψi (r1)ψ j (r2) ! ψ j (r1)ψi (r2)

)
(α(ω1)β(ω2) + α(ω2)β(ω1)),

!4(x1, x2) = 
1 
2

(
ψi (r1)ψ j (r2) + ψ j (r1)ψi (r2)

)
(α(ω1)β(ω2) ! α(ω2)β(ω1)). 

(3.10) 
In !1, !2, and !3, the spatial components are antisymmetric with respect to 

interchange of orbital variables of electrons (r1 and r2), while their spin part is sym-
metric, i.e., the wave functions remain the same, if spins ω1 and ω2 are exchanged. In 
reverse, the spatial component of!4 is symmetric, whereas its spin is antisymmetric. 
In other words, in the former three wave functions, the spins of the two electrons 
are parallel to each other (↑↑), while in the latter, the electron spins are antiparallel 
(↑↓).
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The electronic Hamiltonian for the system is 

Helec = ĥ(1) + ĥ(2) + r̂!1 
12 . (3.11) 

The energy of the system, when its wave function is !1, can be calculated as the 
expectation value of the Hamiltonian: 

E1 = 〈!1|Helec|!1〉

=
〈
1 
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12 |
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〉
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1 
2
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〉
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1 
2

〈
ψ j (r1)|ĥ(1)|ψ j (r1)

〉

+ 
1 
2

〈
ψi (r2)|ĥ(2)|ψi (r2)

〉
+ 

1 
2

〈
ψ j (r2)|ĥ(2)|ψ j (r2)

〉

+ 
1 
2

〈
ψi (r1)ψ j (r2)|r̂!1 

12 |ψi (r1)|ψ j (r2)
〉
!

〈
ψi (r1)ψ j (r2)|r̂!1 

12 |ψ j (r1)ψi (r2)
〉

+ 
1 
2

〈
ψ j (r1)ψi (r2)|r̂!1 

12 |ψ j (r1)|ψi (r2)
〉
!

〈
ψ j (r1)ψi (r2)|r̂!1 

12 |ψi (r1)ψ j (r2)
〉

(3.12) 
It is noteworthy that ĥ(i ) and r̂!1 

12 are independent of the spin components of 
electrons and r̂!1 

12 = r̂!1 
21 . Therefore, all the spin terms in Eq. 3.12 can be integrated 

out as

〈α(ω1)α(ω2)|α(ω1)α(ω2)〉 = 〈α(ω1)|α(ω1)〉 〈α(ω1)|α(ω1)〉 = 1. (3.13)
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Using the following notations:

〈
i |ĥ| j

〉
=

〈
χi |ĥ|χ j

〉
=

∫
dx1χ ∗ 

i (x1)hχ j (x1),

〈i j |kl〉 =
〈
χi χ j |χkχl

〉
=

∫
dx1dx2χ ∗ 

i (x1)χ ∗ 
j (x2)r

!1 
12 χk(x1)χl (x2), 

(3.14) 

one can simplify Eq. 3.12 as 

E1 =
〈
1|ĥ|1

〉
+

〈
2|ĥ|2

〉
+ 〈12|12〉 ! 〈12|21〉 (3.15) 

Similarly, the energies corresponding to the other wave functions are 

E2 = 〈!2|Helec|!2〉 =
〈
1|ĥ|1

〉
+

〈
2|ĥ|2

〉
+ 〈12|12〉 ! 〈12|21〉 , 

E3 = 〈!3|Helec|!3〉 =
〈
1|ĥ|1

〉
+

〈
2|ĥ|2

〉
+ 〈12|12〉 ! 〈12|21〉 , 

E4 = 〈!4|Helec|!4〉 =
〈
1|ĥ|1

〉
+

〈
2|ĥ|2

〉
+ 〈12|12〉 + 〈12|21〉 . 

(3.16) 

Based on the calculated results, it is concluded that!1,!2, and!3 are degenerate, 
i.e., E1 = E2 = E3 and represent the three components of a spin triplet state (S = 1), 
with projections of the total spin on the z axis as + 1, ! 1 and 0, respectively. The 
state!4(x1, x2) with energy E4 corresponds to the total spin singlet (S = 0). Because
〈12|21〉 is positive, E4 is larger than E1,2,3. Thus, the system’s total energy depends 
on the wave function’s total spin. While 〈12|12〉 is called Coulomb integral as it 
corresponds to the Coulomb repulsion between spatial distributions of electrons 1 
and 2, the integral 〈12|21〉 does not connect to any classical interpretation and is 
called exchange integral. This exchange integral arises due to a combination of the 
Coulomb inter-electron repulsion and the antisymmetric nature of the wave functions. 
Intuitively, one can see the exchange interaction as follows: If two electrons possess 
different spins, they can share the same spatial component to construct a molecular 
orbital; on other hand, due to the Pauli exclusion principle, two electrons with the 
same spin cannot have the same spatial component; thus, there exists a “quantum 
potential” pushing the same-spin electrons away from each other, which is exchange 
interaction. By this simple example, one can gain some insights into the origin of 
exchange interaction. Details about its mechanisms will be discussed in the next 
section. 

In the case of multicenter metal compounds, the frontier (magnetic) electrons 
residing in 3d or 4f orbitals localized on metal sites weakly interact with each other. 
The on-site electron repulsion, crystal field, and spin–orbit coupling effects set up the 
localized wave functions and energy states. The subsequent weak inter-site magnetic 
exchange establishes the final magnetic configuration of the entire compound. The 
inter-site exchange integrals 〈12|21〉 involving (non-orthogonal) magnetic orbitals 
(i.e., the orbitals containing paired and unpaired electrons near the HOMO-LUMO
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domain) are of major interest since they define the ground state total spin of the 
investigated system. These integrals are very numerous, even if only ground spin 
eigenstates of individual sites are used. Non-orthogonality between the local wave 
functions corresponding to different sites and the spin–orbit effects induce addi-
tional exchange mechanisms and, as result, the effective inter-site magnetic exchange 
interactions may acquire any sign: ferro, antiferro, anisotropic character, and even 
higher-order interaction terms. Thus, the full inter-site magnetic exchange interaction 
defines the system’s ground state. Ferromagnetic interaction leads to the stabiliza-
tion of the high-spin state, which interacts with the external magnetic field via the 
Zeeman interaction, whereas antiferromagnetic interaction stabilizes the low-spin 
ground configuration and thus shows weaker or none Zeeman splitting in an external 
magnetic field. Given the direct link between exchange interaction and the response 
to a magnetic field, the name “exchange interaction” is often equivalent to “magnetic 
interaction”. 

3.2 Exchange Mechanisms 

The theory of exchange interaction was firstly considered by Kramers, developed by 
Anderson [ 2– 4], and formulated by Goodenough [ 5– 7] and Kanamori [ 8]. For the last 
decades, many other authors have elaborated and extended the theory to consider var-
ious exchange types in different compounds [ 9– 12]. In this section, we discuss some 
common exchange mechanisms responsible for promoting magnetic interaction. One 
of them, which has been observed in many transition-metal compounds, is the direct 
exchange [ 13]. It is the direct interaction between magnetic orbitals of interacting 
magnetic centers that occurs through the space between magnetic sites and becomes 
important when magnetic centers are relatively close to each other. When open-shell 
metal sites are relatively distant, the magnetic exchange between them can involve 
a doubly occupied orbital of a bridging ligand atom. Such mechanism is called 
superexchange and was proposed by Anderson [ 3, 4, 14– 17]. Another mechanism 
called double exchange becomes operative frequently in mixed-valence compounds 
[ 18, 19], where the highest occupied molecular orbital (HOMO) is delocalized over 
several metal sites. Finally, we consider magnetic dipole–dipole interaction [ 20– 23] 
that is of significance in Ising-like lanthanide-based molecular magnets possessing 
large uniaxial magnetic moments on individual metal sites. 

3.2.1 Direct Exchange 

To describe the direct exchange, we examine herein a system containing two magnetic 
centers, each of them possessing an unpaired electron in a molecular orbital ψi, j . 
The direct exchange Hamiltonian for the system can be described by the generalized 
Hubbard model [ 12, 24, 25]:
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Hdirect 
Hubbard = Ui n̂iα n̂iβ + U j n̂ jα n̂ jβ + Ui j

√

σ,σ ′
n̂iσ n̂ jσ ′

+ Ki j

√

σ,σ ′
â† i σ â

† 
j σ ′ âiσ ′ â jσ + ti j

√

σ

(
â† iσ â j σ + â† jσ âi σ

)
, 

(3.17) 

where Ui = 〈i i |i i〉, U j = 〈 j j | j j〉, Ui j  = 〈i j |i j〉, Ki j  = 〈i j | j i〉, and ti j  =
〈
ψi |ĥ|ψ j

〉
. 

â† and â are creation and annihilation operators, respectively; n̂ = â†â is the occu-
pation number operator; σ and σ ′ indicate the spin components of the electrons; 
Ui and U j are called the on-site Coulomb repulsion when the two electrons occupy 
the same orbital; Ui j  is the inter-site Coulomb repulsion when the electrons are in 
different orbitals; Ki j  is the exchange integral for the electrons with parallel spins; 
and ti j  is the transfer integral. 

The energy difference between the singlet E(↑↓) and triplet E(↑↑) states is as 
follows:

(ST = E(↑↓) ! E(↑↑) = 2Ki j  ! t2 i j
(

2 
Ui ! Ui j  

+ 2 
U j ! Ui j

)
. (3.18) 

If (ST is positive, the energy of the singlet state is higher than that of the triplet, 
and thus the direct exchange stabilizes the parallel spin alignment. If (ST is nega-
tive, the direct exchange stabilizes the antiparallel alignment. On the right-hand side 
of Eq. 3.18, the first term originated from the Coulomb interaction and the Pauli 
exclusion principle is termed potential exchange [ 4] that favors the ferromagnetic 
interaction. The second term arising from electron delocalization is kinetic exchange 
[ 4]. Since the on-site Coulomb interaction (Ui and U j ) is always larger than the inter-
site Coulomb interaction (Ui j  ), the second term favors antiferromagnetism. Hence, 
the competition between these two terms determines whether the direct exchange is 
ferromagnetic or antiferromagnetic. It is noteworthy that the inter-site transfer inte-
gral ti j  is strongly dependent on the direct mixing (overlap) between the orbitals, 
mainly by the kinetic energy operator. The direct exchange has been employed in 
the theoretical description of transition-metal and radical metal complexes when the 
magnetic orbitals are relatively diffuse and offer large direct overlap [ 26– 30]. 

3.2.2 Superexchange 

To investigate the superexchange mechanism, let us consider a system, where two 
magnetic centers, each of them containing an electron in a molecular orbital, interact 
with each other through a doubly occupied (diamagnetic) molecular orbital. This 
system may be simple, but in fact, the resultant exchange is a combination of mul-
tiple exchange mechanisms. Nevertheless, if only superexchange is considered, the 
Hamiltonian for the system can be represented by the following Hubbard model [ 31]:
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Hsuper 
Hubbard = Um

(
n̂iα n̂iβ + n̂ jα n̂ jβ

)
+ (mk(n̂kα + n̂kβ ) 

+ tmk

√

σ

(
â† iσ âkσ + â† kσ âi σ + â† j σ âkσ + â† kσ â jσ

)
,

(3.19) 

where m ∈ {i, j} denotes the magnetic centers, (mk and tmk are the energy gap and 
the transfer integral between the paramagnetic and diamagnetic orbitals, respectively. 

The energy gap between the singlet and triplet states is given as

(ST = ! 4t4 mk 

(Um + (mk)2

(
1 
Um 

+ 1 
Um + (mk

)
. (3.20) 

Since all the terms on the right-hand side of Eq. 3.20 are positive, (ST is nega-
tive, leading to the antiferromagnetic exchange. If more exchange mechanisms are 
included in the Hamiltonian (Eq. 3.19), the ferromagnetic contribution can be of 
significance [ 5, 6, 32, 33]. Superexchange mechanism has been employed for the 
description of many lanthanide and transition-metal complexes where the magnetic 
centers indirectly interact with each other through diamagnetic ligand atoms [34– 45]. 

3.2.3 Double Exchange 

The double exchange mechanism becomes important in systems where some mag-
netic electrons can be easily transferred from one metal site to another, a process 
associated with a change of the metals’ oxidation states upon the metal-to-metal 
charge transfer process. The transferred electron typically does not reside on the 
bridging ligand atoms [ 18, 19, 46– 49]. 

Let us consider a two-center system, where each center contains two orbitals. ψi 

and ψ j are singly occupied while an electron resonates between ψ ′
i and ψ

′
j . The  

Hubbard model for this system is [ 18]: 

Hdouble 
Hubbard = (Ui + Ui j  )(n̂i ′α + n̂i ′β ) + (U j + Ui j  )(n̂ j ′α + n̂ j ′β ) 

+ Kii ′
√

σ,σ ′
â† iσ â

† 
i ′σ ′ âiσ ′ âi ′σ + K j j ′

√

σ,σ ′
â† jσ â

† 
j ′σ ′ â jσ ′ â j ′σ 

+ ti ′ j ′
√

σ 
(â† i ′σ â j ′σ + â† j ′σ âi ′σ ), 

(3.21) 

where the direct exchange between ψi and ψ j is neglected. The pair of electrons in 
ψi and ψ j are coupled with each other indirectly by the electron resonance between 
ψi ′ and ψ j ′ (Fig. 3.1). This exchange mechanism is called double exchange and 
was introduced by Zener [ 19, 50]. Kii ′ and K j j ′ are potential exchange arising from 
the parallel spins within the same site according to the Hund’s rules, and ti ′ j ′ is the 
transfer integral. By assuming the two centers are equivalent, the energy gap between 
the lowest quartet and doublet states is
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Fig. 3.1 Scheme of various 
exchange mechanisms in 
multinuclear compounds

(QD = E(↑↑↑) ! E(↑↑↓) = 
|ti ′ j ′ | 
2 

. (3.22) 

As(QD is always positive, the double exchange favors the ferromagnetic coupling 
between ψi and ψ j . 

This result is in contrast to the superexchange mechanism, where ferromagnetic 
or antiferromagnetic interaction occurs between two atoms with a stable valence (the 
number of electrons on metal sites does not change). 

3.2.4 Magnetic Dipole–Dipole Interaction 

Magnetic dipole–dipole interaction refers to the direct interaction between magnetic 
dipoles localized on different metal sites. Magnetic dipole moment on metal sites is 
the sum of the spin and orbital momenta as a result of on-site spin–orbit interaction:
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Fig. 3.2 Scheme of various dipole–dipole interactions in multinuclear compounds

+µ = !µB( +L + ge +S), (3.23) 

where +L is the orbital moment admixed via spin–orbit coupling, ge ≈ 2.0023193 
is the electronic g-factor, +S is the spin moment, µB ≈ 0.46686448 [cm!1/T] is the 
Bohr magneton. 

Suppose +µ1 and +µ2 are two magnetic dipole moments, localized on two differ-
ent metal sites. The magnetic dipole–dipole interaction is given by the following 
Hamiltonian operator: 

Hdip = 
µ2 
B[(+µ1 +µ2) ! 3(+µ1+n12)(+µ2+n12)] 

r3 12 
, (3.24) 

where +n12 is the directional vector connecting the two magnetic dipoles and r12 is 
the distance between them. The dipole–dipole interaction is particularly noticeable 
in the case when the ground state displays a large orbital contribution to the mag-
netic moment. As an example, the non-magnetic ground states of Dy3 triangles and 
Dy6 compounds are already set by the dipole–dipole interaction alone [ 22, 51, 52]. 
Figure 3.2 shows three cases of the effect of dipole–dipole interaction in uniaxial 
(Ising) anisotropic metal sites. 

Besides, there are other exchange effects arising from spin polarization. These 
effects correspond to electron excitations within a magnetic center which has been 
observed occasionally in magnetic resonance experiments [ 53– 57]. 

3.3 Phenomenological Exchange Hamiltonians 

Spin Hamiltonian approach was first introduced by Heisenberg [ 58] and later dis-
cussed by Dirac [ 59] and Van Vleck [ 60, 61]. The prerequisite for the derivation and 
application of this model is that magnetic orbitals are non-degenerate and the spin 
quantum number S is a good quantum number.
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Let us consider a two-center isotropic system in which both of them are charac-
terized by their spins Si, j . The Hamiltonian describing the interaction for this system 
is written as 

Hiso 
ex = !Ji j  Ŝi · Ŝ j , (3.25) 

where Ji j  is an isotropic exchange coupling constant, Ŝi and Ŝ j are the spin operators. 
Since the spin operator for the coupled spin system is Ŝ = Ŝi + Ŝ j , the Hamiltonian 
in Eq. 3.25 can be rewritten as: 

Hiso 
ex = !  

Ji j  
2

(
Ŝ2 ! Ŝ2 i ! Ŝ2 j

)
, (3.26) 

where 2 Ŝi Ŝ j = Ŝ2 ! Ŝ2 i ! Ŝ2 j . When this operator is expanded in the basis of eigen-

states of Ŝ2, Ŝ2 i , Ŝ
2 
j , it is obtained diagonal with the eigenvalues corresponding to the 

energy levels of the coupled system [ 62]: 

E(S) = !  
Ji j  
2 
S(S + 1), (3.27) 

where S = |Si ! Sj |, |Si ! Sj | +  1, . . . ,  Si + Sj . 
For systems containing more than two magnetic centers, the spin Hamiltonian 

can be generalized: 
Hiso 

ex = !
√

i< j 

Ji j  Ŝi Ŝ j , (3.28) 

where the sum runs over all the possible pairwise exchange interaction. If Ji j  is posi-
tive, the exchange between Si and Sj is ferromagnetic. If Ji j  is negative, the exchange 
is antiferromagnetic. It is noteworthy that in some contexts, the spin Hamiltonian 
can be represented in J Ŝi Ŝ j or ! 2J Ŝi Ŝ j formalism. 

A more general way of expressing magnetic exchange between two interacting 
spins is given  by  Eq.  3.29 [ 54]: 

Hex = Si · J · Sj = !Ji j  Ŝi · Ŝ j + Ŝi · Di j  · Ŝ j + di j  · Ŝi × Ŝ j , (3.29) 

where the fully anisotropic interaction matrix J (3 × 3 tensor) is decomposed in 
three terms: First term is the isotropic contribution (Ji j  , scalar), the second term is 
the symmetric anisotropic contribution (Di j  , 3 × 3 symmetric matrix), and the last 
term is the antisymmetric contribution (di j  , 3 × 3 antisymmetric matrix) [ 9, 63]. The 
last two terms represent the anisotropic exchange interaction. In this Hamiltonian, the 
isotropic term favors either the parallel or antiparallel spin alignment; the symmetric 
term tends to align the spins along a particular axis; while the antisymmetric term 
tends to align them perpendicular to each other. For Ŝi, j > 1/2, higher-order terms 
such as biquadratic symmetric and antisymmetric terms can be of importance, as 
well as the zero-field splitting effect on individual metal ions [ 64].
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For strongly anisotropic systems, the spin of the metal sites is not a good quantum 
number and therefore cannot provide a good description of the ground state. Such 
situations arise when the spin–orbit coupling on metal sites introduces strong mixing 
between several low-lying (near-degenerate) spin states. In such cases, the orbital 
moment is unquenched ( L̂ .= 0). If this interaction is larger than crystal field, the 
ground energy multiplet is well characterized by the total angular moment quan-
tum number Ĵ = L̂ + Ŝ. This situation usually occurs in lanthanide and actinide 
complexes in which the ground multiplet splits into 2J + 1 energy levels under 
the influence of ligand field. Owing to the anisotropy within the magnetic ions, the 
exchange coupling between them is also anisotropic. The anisotropic exchange was 
first indicated by Stevens [ 65] and has been developed by Moriya [ 66] and many 
others [ 10, 67– 69]. 

As a result, the spin Hamiltonian is usually incapable to describe the anisotropic 
exchange interaction. The following approaches are applicable in such circum-
stances: 

• to employ the spin Hamiltonian as in Eq. 3.29 by using the pseudospins on metal 
sites. For example, the pseudospin of Dy3+ ion is typically s̃ = 1/2 for a Kramers 
doublet [ 70], arising from the crystal–field splitting of the ground J = 15/2. 

• to employ the full total moment J of the ground state of the interacting ions. 
However, in this case, the number of parameters is very large, and consequently, 
such J -Hamiltonians are not easily applicable in phenomenological description 
of experimental data. 

The anisotropic exchange between two J -multiplets is far more complex than 
the isotropic exchange between two S-multiplets. The reason for complexity is the 
large number of parameters required to describe the on-site crystal field, alongside 
with a large set of parameters required to describe the full multi-polar exchange 
interaction. Recently, the J –J exchange was derived analytically by Iwahara [ 14] 
which is represented in the following Hamiltonian: 

Haniso 
ex =

√

kqk ′q ′
Jkqk ′q ′

Oq 
k ( Ĵi )O

q ′

k ′ ( Ĵ j ) 
O0 

k (Ji )O
0 
k ( Jj ) 

, (3.30) 

where Jkqk ′q ′ is the exchange coupling constant, Oq 
k ( Ĵi ) and O

q ′

k ′ ( Ĵ j ) are the extended 
Stevens operators [ 71] with rank k and k ′ and component q and q ′, respectively. Since 
Haniso 

ex is invariant with respect to the time inversion operator, the sum of k and k ′ is 
even [ 72]. As this model corresponds to the direct exchange between the magnetic 
ions, the exchange constant is the sum of the potential and kinetic contributions: 

Jkqk ′q ′ = J PE kqk ′q ′ + J KE kqk ′q ′ . (3.31) 

The anisotropic exchange between these ions can be reduced to the Ising exchange 
of two interacting doublets [ 11, 73]:



3 Calculations of Magnetic Exchange in Multinuclear Compounds 123

HIsing 
ex = !Ji j  s̃zi · s̃z j  , (3.32) 

where s̃zi and s̃z j  are the projection of the pseudospin operators along the magnetic 
anisotropic axis. The conditions to obtain the Ising exchange is discussed thoroughly 
in Ref. [ 11]. 

3.4 Computational Approaches for the Estimation 
of Magnetic Exchange 

The computational study of exchange interaction in multinuclear compounds is 
required to accurately predict low-lying electronic and magnetic properties of the 
compounds to develop better single-molecule magnets or molecules displaying 
toroidal magnetization, or estimate structure-property relations, etc. For these pur-
poses, in this section, we will discuss two major classes of computational methods 
available nowadays for general users: (i) methods based on density functional theory, 
mainly on the broken-symmetry approach and (ii) methods based on ab initio mul-
ticonfigurational wave function theory. In addition, a practical semi-ab initio hybrid 
approach that is a combination of the ab initio determination of localized wave func-
tions of each metal site and a phenomenological estimation of the magnetic exchange 
will also be discussed. 

3.4.1 Broken-Symmetry Density Functional Theory 

Density Functional Theory (DFT) is a very popular computational method [ 74– 78], 
mostly suitable for cases where the ground state is well characterized by a single 
Slater determinant, following the fundamental theorems by Hohenberg and Kohn 
[ 79]. This method has been adapted for the evaluation of exchange interaction in 
a broken-symmetry scheme as follows: Consider the case of a weakly exchange-
coupled system of two spins s1,2 = 1/2, the energy of the high-spin configuration 
S = 1 (ferromagnetic coupling) can be directly evaluated since its wave function can 
be represented by a single determinant (!(ω1,ω2) = |α1α2〉). On the other hand, the 
correct wave function of the low-spin state (antiferromagnetic coupling) has a clear 
multiconfigurational character (!(ω1,ω2) = |α1β2〉 ! |β1α2〉)/ 2

√
) that makes the 

direct DFT application impractical. In order to overcome this issue, it was pro-
posed to evaluate “a half” of the low-spin wave function, e.g., the energy of the 
determinant |α1β2〉, which is not a true spin eigenstate, and the spin symmetry is 
no longer retained. To have a practical application, this method makes full use of 
spin-unrestricted formalism, which means that the spin-up and spin-down molecular 
orbitals are optimized separately. The exchange parameter for the Heisenberg model 
Hiso 

ex = !2 J Ŝ1 Ŝ2 is evaluated from the computed results of the two configurations.
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For systems containing isotropic magnetic ions, broken-symmetry density functional 
theory (BS-DFT) has been widely applied for the estimation of exchange interaction 
[ 80– 84]. 

There are several formulas allowing to estimate the exchange parameter J from 
spin-unrestricted BS-DFT calculations [ 85– 89]. Noodleman’s equation for J reads 
[ 85– 87]: 

J = ! EHS ! EBS 

S2 max 
, (3.33) 

where EHS and EBS are the total energies for the fully relaxed high-spin and (broken-
symmetry) flipped-spin configurations, while the S2 max is the square of the total spin 
(maximal value). Yamaguchi proposed the following modified formula [ 88, 89]: 

J = !  
EHS ! EBS〈
Ŝ2

〉

HS 
!

〈
Ŝ2

〉

BS 

, (3.34) 

where
〈
Ŝ2

〉

HS 
and

〈
Ŝ2

〉

BS 
denote the expectation values of the spin-squared operator 

for the high-spin and flipped-spin wave functions. It is noteworthy that the expectation 
values might vary significantly from the ones predicted or expected, mainly due to 
spin contamination problem in spin-unrestricted calculations [ 90– 92]. 

3.4.1.1 Challenges of BS-DFT Method 

The most common issues regarding the application of BS-DFT method are related 
to the convergence of the self-consistent field optimization for the broken-symmetry 
configuration [ 93]. For instance, in dinuclear Co2 II compounds, both CoII ions have 
a local spin state S = 3/2. The spin-flip on one of the Co sites may lead to stabi-
lization of the low-spin (S = 1/2) on one, or even on both CoII sites, rather than 
reversing the full S = 3/2 on one of them. The above issue is generally related to 
the general complexity and multiconfigurational character of the total wave function, 
mainly when the broken-symmetry configuration is considered. Similar difficulties 
are met in connection to the evaluation of magnetic exchange in organic bi- and 
poly-radicals. Another limitation of BS-DFT relates to its inadequacy in describ-
ing the intrinsic multiconfigurational nature of the ground states of systems with 
near-degeneracy and strong spin–orbit coupling effects on individual metal sites. 
As an example, consider a binuclear Co2 II compound, where both CoII sites are in 
quasi-Oh symmetry. The ground state of each CoII located in such a ligand environ-
ment is a (slightly split) 4T2 state, displaying an effective orbital moment ( L̃ = 1, 
i.e., three states with S = 3/2, near-degenerate). A correct wave function for such a 
ground state requires several Slater determinants, and, therefore, cannot be correctly 
described by a single-determinant wave function. Consequently, BS-DFT methods 
may fail in these circumstances [ 94]. In order to offer a validity test for the BS-DFT 
wave functions, some software packages (e.g., ORCA [ 95]) evaluates the overlap
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between the orbitals of the high-spin and low-spin configurations [ 96] following the 
unique definition of the corresponding orbital transformation [ 97, 98]. If the BS-DFT 
calculation is valid, the orbital overlaps are either close to one or zero. In contrast, the 
calculation cannot be trusted in the case of fractional values of the orbital overlap. 
It is advised to tighten convergence thresholds for the self-consistent field calcula-
tions and carefully inspect the results of BS-DFT calculations, namely the calculated 
charges and spins on individual atoms. Nevertheless, in spite of all the above chal-
lenges, the broken-symmetry approach [ 85] provides a reasonable approximation for 
magnetic exchange in compounds containing isotropic magnetic ions [ 99, 100]. 

3.4.1.2 A Few Examples of Successful Application of BS-DFT 

For systems containing more than two magnetic centers, there are two strategies for 
BS-DFT: (i) to substitute some of the paramagnetic centers with their diamagnetic 
analogs in order to simplify the total exchange to a set of pairwise interactions; 
and (ii) to generalize Yamaguchi’s formula by Shoji’s approach [101]. As shown in 
several works, BS-DFT method can accurately determine the sign of the exchange 
parameter [102]. However, the magnitude of the parameter may be incorrect due to 
the overestimation of self-interaction error [103, 104]. 

While the spin quantum number S has been mostly used to quantify the energy 
states of transition-metal ions, among the paramagnetic trivalent lanthanide ions, 
only the energy structure of Gd(III) can be represented by its spin. The reason is that 
the angular momentum of Gd(III) is zero (L = 0), resulting in the absence of spin– 
orbit coupling. A noticeable example is a computational investigation of a dinuclear 
Gd(III)–Cu(II) complex reported by Rajaraman et al. [105]. The spin Hamiltonian 
for this two-center system was 

Hiso 
ex = J ŜGd ŜCu, (3.35) 

where SGd = 7/2 and SCu = 1/2. The calculated exchange parameter Jcal was ! 5.8 
cm!1 (Jexp = !  4.42 cm!1). Note that a negative exchange parameter corresponds to 
ferromagnetic coupling within this Hamiltonian (Eq. 3.35). The report indicated that 
the account of relativistic effects together with the hybrid B3LYP functional offered 
an accurate estimation of exchange parameters in this compound [105]. 

In combination with Molecular Orbital (MO) and Natural Bond Orbital (NBO) 
analysis, the exchange mechanism in the complex was elucidated in Fig. 3.3. In the  
Gd(III) center, not only the 4f but also the 5d orbitals play an important role in the 
magnetic coupling with the Cu(II) ion. The reason for this is that 5d orbitals of the 
Gd(III) are so diffuse that they gained spin density due to charge transfer from the 
Cu(II) 3dx2!y2 orbital and spin polarization from the 4f orbitals. This exchange can 
be considered as a generalization of the Goodenough–Kanamori mechanism [ 6, 8, 
106] giving rise to the ferromagnetic coupling between the magnetic ions. On the 
other hand, the direct exchange between the 3d and 4f orbitals possessed both ferro-
and antiferromagnetic contributions. Due to the symmetry of the complex, two of
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Fig. 3.3 Mechanism for the 
magnetic coupling in 
{Gd–Cu} [105]. Printed with 
permission from Ref. [105]. 
Copyright 2009, Royal 
Society of Chemistry 

the 4f orbitals overlapping with the 3dx2!y2 gave rise to the kinetic exchange that 
resulted in the antiferromagnetic coupling. The other five 4f orbitals were orthogonal 
with the 3dx2!y2 leading to the ferromagnetic coupling via the potential exchange. 

Subsequently, the study was extended to a trinuclear Ni(II)–Gd(III)–Ni(II) com-
plex {Ni–Gd–Ni} [107]. The spin Hamiltonian for the system was 

Hiso 
ex = !J1 ŜNiA ŜGd ! J2 ŜNiB ŜGd ! J3 ŜNiA ŜNiB , (3.36) 

where SNiA = SNiB = 1 and SGd = 7/2. The spin configurations considered in this 
work are listed in Table 3.1. Despite of the large distance between the two Ni ions, 
the Ni–Ni exchange could not be neglected because (i) the {Ni–Gd} exchange was 
weak, and (ii) the {Ni–Ni} exchange could be induced indirectly via the diffuse 
empty 5d and 6s orbitals of the Gd ion [108, 109]. The computed results showed that 
the {Ni–Gd} exchange interaction was ferromagnetic with J1 ≈ J2 and the {Ni–Ni} 
exchange was antiferromagnetic. Both electron delocalization and spin polarization 
took place in the exchange mechanism (Fig. 3.4). Due to the near orthogonality 
between the 3dx2!y2 /3dz2 orbitals of the Ni ions and the 4f orbitals of the Gd ion, the 
antiferromagnetic kinetic exchange in {Ni–Gd} was minor leading to the dominant 
ferromagnetic interaction. Importantly, the magneto-structural correlation for the 
{Ni–Gd} exchange was derived that the Ni–O–Gd angles played an important role 
in the nature of exchange interaction.
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Table 3.1 Spin configurations of {Ni–Gd–Ni} 
Spin configuration NiA Gd NiB Spin number 

HS ↑ ↑ ↑ 11/2 

BS1 ↓ ↑ ↑ 7/2 

BS2 ↑ ↑ ↓ 7/2 

BS3 ↓ ↑ ↓ 3/2 

Fig. 3.4 Mechanism for the 
magnetic coupling in 
{Ni–Gd–Ni} [107]. Printed 
with permission from Ref. 
[107]. Copyright 2009, 
Royal Society of Chemistry 

3.4.1.3 Application of BS-DFT for the Estimation of Magnetic 
Exchange in Strongly Anisotropic Compounds 

As mentioned earlier, the BS-DFT method is applicable for cases when the ground 
state is well described by a single Slater determinant. This is true for metals ions 
such as high-spin Fe3+, Gd3+, and Mn2+. However, the method becomes less ade-
quate for metal ions with near-degenerate ground states, e.g., Co2+, Dy3+, Er3+, 
etc. The low-spin states of compounds containing the latter metal ions have a 
true multiconfigurational character and orbital near-degeneracy that renders non-
negligible spin–orbit coupling to first order of perturbation theory. As a result, 
their ground states are not characterized by the total spin quantum number, but 
rather by their pseudospin [110]. In order to apply BS-DFT for the estimation 
of the magnetic exchange in these compounds, the following procedure is pro-
posed: 

1. Substitute computationally the strongly anisotropic metal ions by their spin-
isotropic equivalents, while keeping the ligand frame intact. For instance, Dy3+ 

whose ground state originates from a slight splitting of the free ion 6 H term 
(S = 5/2, L = 5) may be computationally replaced by Gd3+ which has a clear 
non-degenerate ground state 8S term (S = 7/2, L = 0). 

2. Evaluate all magnetic exchange for the metal-substituted compound. 
3. Re-scale the exchange parameter for the interacting spins of the original metal 

ions. For example, the rescaling factor for the magnetic exchange of Dy2 com-
pound, while evaluated for the substituted compound Gd2 is
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JDy–Dy = 
S2 Gd 
S2 Dy 

× JGd–Gd = 
(7/2)2 

(5/2)2 
× JGd–Gd = 

49 
25 

× JGd–Gd (3.37) 

The above method has been successfully applied in several studies [111–113]. 
The metal ion substitution can also be a solution for cases where the transition 

from high-spin configuration to low-spin configuration occurs. There are examples 
of Mn2+ and Fe2+ displaying low spin on one metal upon spin-flip in the BS-DFT 
method. To overcome for this issue, the metal ion may be substituted by, e.g., Cu2+, 
which has a well-defined S = 1/2 in the ground state. 

3.4.2 Multiconfigurational Wave Function-Based Methods 
for Magnetic Exchange 

Computational prediction of magnetic exchange by multiconfigurational methods has 
quite some history. Among first studies refer to the estimation of magnetic exchange 
in dinuclear Cu2 complexes through the evaluation of singlet-triplet energy differ-
ence [114]. Standard Hartree–Fock calculations gave results that were quite far from 
the ones extracted from the spin Hamiltonian fitting of the measured magnetism. 
Configuration interaction and multiconfigurational self-consistent field calculations 
were applied to further improve the agreement [115–117]. It was reported that the 
electron correlation played a crucial role for the quantitative estimation of spin 
state energetics of multicenter magnetic compounds and subsequently the magnetic 
exchange. An accurate account of the electron correlation in exchange-coupled sys-
tems is still an open question that further drives the development of novel methods. 
We may mention here the difference-dedicated configuration interaction (DDCI) 
method [118] which is a simplified version of the full Configuration Interaction 
Singles and Doubles (CISD) where excitations that do not contribute directly to 
the singlet-triplet gaps are eliminated from the CI expansion. In addition, the roles 
played by various classes of electron excitations were also investigated [115, 116, 
119]. While CI methods constitute a systematically improvable approach allowing 
the calculation of exchange coupling constants through the direct evaluation of spin-
state energies [120], their practical application for medium and large molecules is 
precluded due to the high computational cost required in terms of memory, CPU, 
and disk space. To some extent, the complications introduced by the (large) basis 
set expansion of molecular orbitals have been gradually reduced by switching the 
calculations to either Cholesky representation of bielectronic integrals [121–123] or  
various methods related to resolution-of-identity (RI) [124] or density fitting (DF) 
methods alongside with “chains-of-spheres” approaches [125]. More serious dif-
ficulties lie in the dimension of the Hilbert space defined by the enlarged active 
space of the multiconfigurational method. In many cases, the 3d and 4f partly filled 
orbitals lie at the HOMO-LUMO frontier; therefore, all of them should be included 
in active space. When following this requirement, the active space grows signifi-
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cantly, rendering the number of Slater determinants obtained from the distribution 
of active electrons among active orbitals too large to handle. Various methodologi-
cal developments to reduce the number of excitations within a multiconfigurational 
framework are (i) restricted active space self-consistent field (RASSCF) and (ii) 
generalized active space self-consistent field (GASSCF) methods [126]. The main 
idea of these methods is to divide the total active space into several groups of active 
orbitals while setting the minimum and the maximum number of electrons occu-
pying them. Another alternative to explicitly building a large multiconfigurational 
wave function is methods based on a different representation of the wave function, 
for example, density matrix renormalization group or stochastic approaches such as 
Quantum Monte Carlo. Among the most promising novel correlated methods along 
this path, we can mention the density matrix renormalization group self-consistent 
field (DMRG-SCF) [127–131] and its link to multiconfigurational perturbation the-
ory (either NEVPT2 [132] or CASPT2 [133] and their multi-state variants). As an 
alternative to DMRG-SCF, there are recent reports about spin-adapted Quantum 
Monte Carlo self-consistent field (FCIQMC-SCF) and promising studies regarding 
spin state energetics and exchange interactions [134–137]. One of the key advantages 
offered by these methods is the ability to include a large number of valence orbitals 
of the metal ions and of the bridging atoms into the variationally optimized active 
space of the multiconfigurational self-consistent field method. This large active space 
allows a balanced description of the local crystal field as well as permits a suitable 
adaptation of the active orbitals as a function of the total spin of the respective states, 
which are responsible for the inter-center magnetic interaction. The effect of the elec-
tron correlation on natural magnetic orbitals [ 62] is manifold: The magnetic orbitals 
become slightly larger, offering a slightly larger hybridization with the ligand orbitals, 
thus improving the accuracy of the local crystal field (and local spin state energies) 
and indirectly, increasing the role of the superexchange mechanism. Besides, the 
direct overlap between magnetic orbitals [138] (which are non-orthogonal in the 
valence bond representation) of neighboring metal sites is also improved by elec-
tron correlation, thus increasing the role of the kinetic exchange mechanism. It is 
expected that electron correlation contributes essentially to the energies of the metal-
to-ligand, ligand-to-metal, and metal-to-metal charge transfer configurations, which 
may contribute to various mechanisms responsible for promoting magnetic exchange 
[ 62]. Moreover, electron correlation also contributes to the spin–orbit coupling, as 
well as the local electric and magnetic dipole moments, which are responsible for 
the magnetic dipole–dipole interactions (Fig. 3.5). 

Herein we briefly review recent work by Bogdanov et al. as an example of 
the application of modern computational approaches for magnetic exchange in 
cuprates with corner-sharing CuO4 plaquettes [137]. The work reported a series 
of CASSCF/CASPT2 calculations on model cluster fragments [139–141]. The 
CASSCF was used to account for the static electron correlation, while the CASPT2 
was employed to account for the remaining dynamic correlation energy. It is notewor-
thy that the exchange parameter Jex is strongly dependent on the accuracy of the wave 
function. The results clearly showed that the obtained wave function could not repro-
duce the experimental exchange parameters within small active spaces [142–145].
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Fig. 3.5 Orbitals in active spaces in CuO4 [137]

For instance, Jex obtained from CASSCF(2,2) and CASSCF(8,10) was only ≈ 20% 
and 80% of the experimental data, respectively. To obtain an accurate wave function, 
the active space was enlarged significantly to consist of all 3d and 4d orbitals of the 
copper atoms and the 2p and 3p orbitals of the bridging oxygen (CASSCF(24,26)). 
The wave functions of such a large active space are impossible to optimize (solve) 
within the CAS framework. Therefore, for this large active space, the authors adapted 
full configuration interaction quantum Monte Carlo (FCIQMC) [146, 147] and den-
sity matrix renormalization group (DMRG) [148, 149] as an approximation. Com-
bined with the multiconfigurational second-order perturbation theory (CASPT2), 
the obtained exchange parameter Jex was in reasonable good agreement with the 
corresponding experimental results. 
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To shed light on the exchange mechanism, the computed results were projected 
on the following effective Hamiltonian [137]: 

Heff =
√
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(3.38) 

where only one 3d and one 4d orbital on each copper atom were included. i = 1, 2 
referred to the 3d and 4d orbital, respectively. Diagonalizing the matrix representation 
of Heff within a simplified basis set illustrated that the correlated breathing-enhanced 
hopping mechanism plays an important role in the superexchange in this compound. 
This breathing mechanism could be essentially thought of as the radial expansion 
of the 3d orbitals of the copper atoms that was described as a mixing of the 3d 
and 4d orbitals [150, 151]. The breathing effect reduced the Coulomb energy U 
but increased the transfer integral t ; thus, it strongly influenced the magnitude of 
the exchange parameter. This was the reason why to accurately describe exchange 
interaction, the active space was extended to include the 4d orbitals, resulting in 
CASSCF(24,26) [137]. This ab initio approach was also applied in several other 
works [ 25, 152–154]. 

3.4.2.1 Current Challenges of Correlated Computational Methods 
for Prediction of Magnetic Exchange 

While the new methods are attractive in terms of the number of correlated orbitals, 
their benchmark for the exchange interaction is yet to be reported. One of the most 
important challenges of novel computational methods for exchange-coupled systems 
arises from the fact that the magnetic interaction is quite small in magnitude. As an 
example, in most lanthanide-based compounds, the magnetic exchange is usually 
smaller than 1.0 cm!1 (1.0 cm!1 = 4.55633 × 10!6 Ha = 1.23981 × 10!4 eV 
= 1.42879 K); while in most transition-metal compounds, magnetic exchange is 
usually slightly larger, ranging from a few cm!1 to about 30 cm!1. Metal-radical 
compounds usually display larger magnetic exchange interactions. Thus, for any 
computational method aiming at describing the magnetic exchange correctly, it must 
be suitable for describing very small energy differences. This requires extremely tight 
convergence thresholds for optimization of the wave function. For instance, most 
of the current quantum chemistry programs trigger the convergence of the CI/SCF 
procedures when the energy difference between two subsequent iterations falls below 
10!7 Ha (around 0.02 cm!1), which is already on the same energy scale as the
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exchange energy states we wish to describe. The situation is even more complicated 
by various numerical approximations aimed at speeding up the calculations, like 
Cholesky or RI approaches because all intrinsically possess a certain numerical error. 

With respect to electron correlation methods, there is another issue related to spu-
rious splitting, which refers to the significant energy splitting between (near-) degen-
erate orbital states. For high-symmetry compounds, this artificial splitting is usually 
ignored. However, in the investigation of slight geometrical distortions which break 
the orbital degeneracy, this spurious splitting becomes problematic, as it is of the 
same order of magnitude as the true splitting arising from the geometrical distortion. 
This issue is not only related to the multiconfigurational second-order perturbation 
theory, but also to cases when the active space of the CASSCF method is increased 
inconsistently, breaking the balance between ligand and metal orbitals or breaking 
the symmetry. Another computational issue is related to the large number of spin-
coupled states that need to be optimized computationally to offer an accurate account 
of spin–orbit coupling. This issue is still tractable for transition-metal compounds 
but falls quickly out of hand in the case of multicenter lanthanide compounds, which 
are known to require a large number of spin states for spin–orbit interaction already 
for mononuclear compounds and fragments. Finally, the metal-to-metal, metal-to-
ligand, and ligand-to-metal charge transfer states are also required to account for a 
correct magnetic exchange description. However, computational evaluation of such 
electronic states is not a trivial task to date. 

3.4.3 Semi-ab Initio Approach for the Description 
of Magnetic Exchange 

Given the relatively small magnitude of magnetic exchange in a large class of com-
pounds and the computational difficulties for its accurate evaluation within the multi-
configurational framework, alternative routes were developed. One of the most prac-
tical ways to estimate the magnetic exchange of multinuclear strongly anisotropic 
systems is a hybrid approach that combines multiconfigurational methods with phe-
nomenologic modeling of magnetic exchange. The strategy is as follows: 

1. The system is divided into mononuclear fragments. This fragmentation process 
does not mean removing atoms from the ligand framework, but rather replacing 
the neighboring metal ions containing open shells by their closest equivalents. 
It is expected not to alter the low-lying energy structure in each magnetic center 
significantly. 

2. The multiconfigurational ab initio approach (CASSCF/RASSI/CASPT2) is 
applied to all fragments to obtain an accurate description of their energy structures. 

3. The obtained eigenstates of each fragment are then mixed within a suitable 
exchange model (e.g., the Lines model [155, 156]). In such cases, the parameters 
of magnetic exchange are obtained empirically by the fitting procedure using the 
experimental data.



3 Calculations of Magnetic Exchange in Multinuclear Compounds 133

Fig. 3.6 Fragmentation model of a multicenter compound. The scheme shows an overview of a 
trinuclear compound and the resulting three mononuclear fragments obtained by the diamagnetic 
atom substitution method. By this scheme, the neighboring magnetic centers, containing unpaired 
electrons are computationally replaced by their diamagnetic equivalents. As an example, divalent 
transition-metal sites are best replaced by either diamagnetic Zn(II) or Sc(III), in the function 
that one is the closest by atomic radius and charge. For lanthanides Ln(III), the same principle is 
applicable, and La(III) or Lu(III) is best suited to replace a given magnetic lanthanide. Individ-
ual mononuclear metal fragments are then investigated by common multiconfigurational methods 
(e.g., CASSCF/CASPT2/RASSI/SINGLE_ANISO). The ab initio results for each fragment are 
subsequently merged within a suitable model of magnetic exchange, e.g., Lines model [155–157] 

4. The energy spectra and magnetic properties of the entire multicenter compound 
can be computed using the best-fitted parameters of magnetic exchange. 

5. As an alternative to the fitting process, the parameters of magnetic exchange may 
be evaluated using the BS-DFT method, as described above (Fig. 3.6). 

3.4.3.1 The Lines Model 

The Lines model begins with an effective Heisenberg Hamiltonian when the 
anisotropic exchange is simplified to isotropic exchange in the absence of spin–orbit 
coupling [155]: 

HLines 
eff =

√

i < j 

!Ji j  Ŝi Ŝ j , (3.39) 

where Ŝi, j is the local spin of the ground state on the metal site i, j , respectively. 
For cases when the local spin–orbit coupling is strong, the effective Hamiltonian is 
written on the basis of the local pseudospins: 

HLines 
eff = !

√

i< j 

J̃i j  ˆ̃si ˆ̃s j , (3.40) 

where ˆ̃si, j is the local pseudospin of the ground state on the metal site i, j , respec-
tively. Given that the local pseudospins are rather anisotropic due to a combined 
effect of low symmetry and strong spin–orbit coupling effects, the Hamiltonian in
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Eq. 3.40 effectively describes the anisotropic exchange between the magnetic cen-
ters. Its advantage is that only one exchange parameter can represent a single pairwise 
anisotropic exchange interaction. The Lines model becomes exact in three cases: 

• When the two interacting metal sites are isotropic (gX = gY = gZ ). 
• When the two interacting metal sites are axially anisotropic (gX = gY = 0, while 
gZ .= 0). In this case, the exchange interaction is of the Ising type. 

• When one metal site is isotropic, while the other has an extreme axial anisotropy. 

The Lines model is regarded as a suitable approximation for all other cases when 
the two metal sites have an intermediate anisotropy. 

The Lines model has been applied successfully to a variety of compounds [158– 
160]. The first example is a mixed-valence Co3 IICo4 III heptanuclear wheel [158]. Ab 
initio fragment calculations revealed that the ground states of all CoIII sites has S = 0, 
i.e., are non-magnetic. Similar calculations showed that CoII sites have a ground state 
characterized by unquenched orbital moment, 4T2, split slightly by the low-symmetry 
components of the crystal field, which deviates from the perfect octahedron. In this 
case, the spin–orbit interaction is operative in the first order of perturbation theory, 
leading to a strong mixing of all the three orbital spin S = 3/2 states, giving rise to 
six Kramers doublets. The energy separation between the ground and first-excited 
Kramers doublet is more than 250 cm!1. The corresponding magnetic exchange 
Hamiltonian was set as follows: 

HLines 
eff = !J1

(
ˆ̃sCo1 ˆ̃sCo2 + ˆ̃sCo1 ˆ̃sCo3

)
! J2 ˆ̃sCo2 ˆ̃sCo3, (3.41) 

where s̃Co1 = s̃Co2 = s̃Co3 = s̃Co(II) = 1/2. The reason for the pseudospin s̃ = 1/2 
in these Co fragments is the large crystal–field and spin–orbit coupling effects on 
individual Co sites, leading to a large energy separation between the ground and the 
first-excited Kramers doublets. This leads to a situation where magnetic exchange 
interaction couples essentially only the ground Kramers doublets of individual Co 
sites. In Fig. 3.7, J1 and J2 are nearest-neighbor and next-nearest-neighbor exchange 
parameters, respectively. Intermolecular exchange is considered in the mean-field 
approximation, simulated by one single parameter z J ′, where z represents the num-
ber of the surrounding molecules and J ′ is the average intermolecular exchange 
parameter [ 62]. By the simulation of magnetic properties, the computed exchange 
parameters were found: J1 = 1.5 cm!1, J2 = 5.5 cm!1, and z J ′ = !  0.03 cm!1. 
Interestingly, the exchange interaction between the distant Co1 and Co3 ions was 
found much stronger than the interaction between the neighbor Co ions (Co1–Co2 
and Co1–Co3). The reason for this surprising effect could originate from the fact that 
this Co3 IICo4 III complex has two exchange paths with low electron-promotion energy 
Co(II)–Co(III)–Co(III)–Co(II) that could enhance the exchange between the distant 
Co(II) centers [161]. Slow magnetization of relaxation was not observed experi-
mentally in this complex even it exhibited strong on-site magnetic anisotropy and 
inter-site exchange interaction. The lack of single-molecule magnet (SMM) behav-
ior in this compound was explained by the large value of the matrix element of the 
transverse magnetic moments between the two components of the ground exchange
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Fig. 3.7 (Top) Exchange scheme in the Co3 IICo4 III complex, (bottom) computed (lines) and exper-
imental (symbols) temperature-dependent magnetic susceptibility, and (inset) molar magnetization 
of the Co3 IICo4 III complex [158]. Reprinted with permission from Ref. [158]. Copyright 2008, 
American Chemical Society 

states, indicating a pronounced quantum tunneling of magnetization (QTM) [162]. 
Consequently, it was suggested that for complexes in the weak-exchange limit, i.e., 
when zero-field splitting is much stronger than exchange interaction, lowering of site 
symmetry (i.e., enhancing the axiality) might enhance the magnetization blocking 
behavior. 

The Lines model was also applied to multinuclear lanthanide compounds [159, 
163–166], for instance, a trinuclear [Dy3(Meosalox)2 (MeosaloxH)4 (X)(Y)]·S
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Fig. 3.8 a Temperature-dependent magnetic susceptibility, (inset) molar magnetization, and b 
molecular structure of [Dy3(Meosalox)2 (MeosaloxH)4 (X)(Y)]·S. In b, dot lines represent the 
local anisotropy axes, and arrows illustrate the magnetic moment of each Dy ion [167]. Reprinted 
with permission from Ref. [167]. Copyright 2011, John Wiley and Sons 

(X/Y/S = OH/H2O/MeOH·7H2O) complex [167]. Since the energy gap between the 
ground and first-excited Kramers doublets of the complex was much larger than the 
exchange splitting, the description of the exchange interaction between the ground 
J -multiplets was reduced to only the ground doublet on each Dy center. Each of these 
doublets was represented by the pseudospin s̃ = 1/2 [ 70]. Since the axial component 
of the ground g-tensor was larger by few orders of magnitude than the transverse 
components, the magnetic moment of each Dy ion was directed toward its anisotropy 
axis as shown in Fig. 3.8b. Therefore, the exchange Hamiltonian was close to the 
Ising model [168, 169]: 

HIsing = !J
(
s̃Dy1 z s̃Dy2 z + s̃Dy1 z s̃Dy3 z

)
, (3.42) 

where s̃Dyi z is the projection of the pseudospin along the anisotropy axis of the Dyi 
ion. The exchange between the distant Dy ions was neglected. The parameter J 
was obtained as 7.5 cm!1. By using a single parameter, the computed magnetic 
susceptibility and molar magnetization in Fig. 3.8a were in reasonable agreement 
with the experimental data. 

Another interesting example is an asymmetric dinuclear [Dy2ovph2Cl2(MeOH)3]· 
MeCN complex [20]. Besides exchange coupling, magnetic dipole–dipole interaction 
also contributes to the magnetic communication between the lanthanide ions. The 
intramolecular magnetic Hamiltonian becomes 

Ĥintra = Ĥexch + Ĥdip. (3.43) 

However, as opposed to magnetic exchange, magnetic dipole–dipole interaction 
can be computed fully ab initio, using Eq. 3.24 for which all the data are available 
from fragment calculations. For the case of strong axial anisotropy on metal sites, 
both exchange and dipolar interactions reduce to Ising magnetic interaction. The
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Fig. 3.9 Temperature-
dependent magnetic 
susceptibility and (inset) 
molar magnetization of 
[Dy2ovph2Cl2(MeOH)3]· 
MeCN [ 20]. Reprinted with 
permission from Ref. [ 20]. 
Copyright 2011, American 
Chemical Society 

Ising parameters obtained by the fitting procedure in Fig. 3.9 were J = 5.88 and 
z J ′ = !  1.84 cm!1; the Ising dipolar parameter was computed as 5.36 cm!1. In  
this compound, the intramolecular exchange contributed significantly less (Jex = 
0.52 cm!1) than the dipole–dipole interaction, such that the ferromagnetic coupling 
between the Dy ions originated almost entirely from the latter. This phenomenon was 
attributed to the near parallel alignment of the local magnetic anisotropies [170]. On 
the other hand, even though the exchange was very weak, it created a bias field 
efficiently shifting the quantum tunneling steps at zero-field conditions [171, 172]. 

In [Cp′
2Dy(µ-X)]2 (Cp

′ = cyclopentadienyl-trimethylsilane anion, X = CH3
!, Cl!, 

Br!, I!), the exchange interaction was modeled by the following Ising Hamiltonian 
[173]: 

Ĥtotal = !(Jdip + Jex)ŝ1z ŝ2z, (3.44) 

where ŝz = 1/2 is the ground pseudospin of the Dy ions. The computed results 
indicated that both the dipolar and superexchange interactions were significant and 
antiferromagnetic, which was inversely proportional to the Dy–X bond length. In 
general, the Lines model has been a great tool in computing the magnetic exchange 
in Ln complexes as the exchange between them is usually small, and their magnetic 
anisotropy is very axial [174–176]. 

The Lines model was also applied for the theoretical study of Dy3 triangles in 
Fig. 3.10, which displayed a non-magnetic ground state, quite unexpected for an odd-
electron system [177]. Fragment ab initio calculations revealed that (i) the crystal– 
field splitting of the ground J = 15/2 multiplet of each Dy site is quite strong, such 
that the ground Kramers doublet is well separated from the excited Kramers doublets 
(about 200 cm!1); (ii) the ground Kramers doublet possesses a very large magnetic 
anisotropy, gX ≈ gY ≈ 0, while gZ ≈ 20µB; (iii) the main magnetic axes of each Dy 
sites are located almost in the plane of the Dy3 molecule, making an angle between 
them ≈ 60◦. The Hamiltonian describing magnetic interaction for the system was
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Fig. 3.10 (Left) Molecular structure and (right) the two components of the ground Kramers doublet 
of the Dy3 molecule [177]. Reprinted with permission from Ref. [177]. Copyright 2008, John Wiley 
and Sons 

HLines 
eff = !  

3√

i=1 

Ji Ŝi Ŝi+1 = !J 
3√

i=1 

Ŝi Ŝi+1, (3.45) 

where Ji = J is an exchange parameter and Si = 5/2 is the spin of the DyIII ions in the 
absence of the on-site spin–orbit interaction. The addition of the spin–orbit coupling 
and further diagonalization of the above Hamiltonian gives the exchange spectra and 
exchange eigenstates for the investigated Dy3 triangle. Given that the local Kramers 
doublets were close to |MJ = ± 15/2〉 kind and that excited Kramers doublets are 
much higher in energy with respect to the magnitude of magnetic interaction, the 
exchange Hamiltonian was expected to be of the Ising type between the local Kramers 
doublets (non-collinear): 

HIsing = !  ̃J 
3√

i=1 

s̃i z s̃i+1z, (3.46) 

where s̃i z  is the z component of the ground state pseudospin. Since S = 5/2 and 
s̃ = 1/2, 

J̃i = 25 cos φi,i+1 Ji = ! 12.5Ji , (3.47) 

where φi,i+1 ≈ 2π/3 is the angle between any pair of main axes (Fig. 3.10, 
cos(2π/3) = 1/2). The simulation of magnetic properties in Fig. 3.11 yielded 
J = !  0.6 cm!1 ( J̃ = +  7.5 cm!1). This ferromagnetic exchange stabilizes the local 
moments in a toroidal fashion, which leads to a cancelation of the total magnetic 
moment in the ground state. The ground exchange Kramers doublet state consisted 
of two components, as shown in Fig. 3.10, where all the local magnetic moments 
were arranged clockwise and anticlockwise, both non-magnetic. These two states,+ 
and ,! in Fig. 3.10 possess a toroidal magnetic moment that is oriented perpendic-
ularly to the plane of the Dy3 molecule, τ+ and τ!, respectively. As a consequence 
of the non-magnetic ground state of the molecule, the ground doublet does not inter-
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Fig. 3.11 (Left) Magnetic susceptibility and (right) molar magnetization of the Dy3 molecule [177]. 
Reprinted with permission from Ref. [177]. Copyright 2008, John Wiley and Sons 

act with an external magnetic field applied perpendicularly to the plane of the Dy3 
molecule. However, Zeeman splitting is significant between the excited (magnetic) 
exchange states for the in-plane magnetic fields. Due to the large magnetic moment 
in the excited exchange states, they quickly become the ground state already for field 
strengths of about 1.0 T. It is highlighted that molecules displaying stable toroidal 
moment in the ground states are sought for their potential in quantum computing 
and information storage since the toroidal state is not perturbed by the neighboring 
magnetic fields, and as such, may display a long lifetime. Controlling the toroidal 
states, write-in and read-out, of toroidal information may be undertaken by electric 
fields [178–180]. 

Besides this work, the Lines model was also applied to many other complexes 
to investigate their toroidal magnetic moment. Details about them can be found in 
Refs. [181–185]. 

The next class of compounds which has been studied intensively using the model is 
heterometallic 3d–4f molecules [157, 186–195], for example, a [Cu5 IIDy4 III] cluster  
[196]. As the magnetic anisotropy axes of the Dy ions were found to be nearly 
perpendicular to each other, the magnetic exchange between them was neglected. 
These results were due to the following reasons: (i) the magnetic anisotropy on the Dy 
sites offered a nearly Ising exchange and (ii) the parameter of the Ising exchange was 
J̃Ising = 25 cos φ1,2 JLines and φ1,2 = π/2. Therefore, only three exchange interactions 
that were supposed to play the dominant role were included in the Lines model: 

HLines 
eff = !J1( ̂SDy 1 Ŝ

Cu 
5 + ŜDy 1 Ŝ

Cu 
8 + ŜDy 1 Ŝ

Cu 
9 + ŜDy 2 Ŝ

Cu 
5 

+ ŜDy 2 Ŝ
Cu 
6 + ŜDy 2 Ŝ

Cu 
7 + ŜDy 3 Ŝ

Cu 
5 + ŜDy 3 Ŝ

Cu 
6 

+ ŜDy 3 Ŝ
Cu 
7 + ŜDy 4 Ŝ

Cu 
5 + ŜDy 4 Ŝ

Cu 
8 + ŜDy 4 Ŝ

Cu 
9 ) 

! J2
(
ŜCu 5 Ŝ

Cu 
6 + ŜCu 5 Ŝ

Cu 
7 + ŜCu 5 Ŝ

Cu 
8 + ŜCu 5 Ŝ

Cu 
9

)

! J3
(
ŜCu 6 Ŝ

Cu 
7 + ŜCu 8 Ŝ

Cu 
9

)
, 

(3.48)
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Fig. 3.12 (Left) Computational model and (right) magnetic simulation of [Cu5 IILn4 III] [196]. 
Reprinted with permission from Ref. [196]. Copyright 2011, John Wiley and Sons 

where the structure of magnetic ions is shown in Fig. 3.12a. Due to the axial nature 
of the Dy ions, the {Cu–Dy} exchange was approximately Ising type. The obtained 
exchange parameters were J1 = 1.0 cm!1, J2 = 1.3 cm!1 and J3 = !  4.6 cm!1. 
Therefore, the former two interactions were ferromagnetic while the latter was anti-
ferromagnetic. The analysis of the exchange states also indicated that the main mag-
netic axis of the cluster was almost perpendicular to the Dy4 plane. 

Recently, actinide complexes have attracted some attention in the field of molec-
ular magnetism [197–200]. While their magnetic properties are interesting, the mul-
ticonfigurational ab initio studies of them have faced significant challenges due to 
their intricate electronic structures already for mononuclear actinide compounds 
[200–206]. The main computational challenges arise due to combined effect of the 
strong relativistic effects, spin–orbit coupling, and metal-ligand covalency, demand-
ing explicit account of electron correlation. The accuracy of the ab initio calculations 
refers here not only to the low-lying energy structure but also to the wave functions, 
electric and magnetic dipole moments, etc., which are challenging for actinide com-
pounds. With respect to the application of the Lines model for the description of 
magnetism in exchange-coupled actinide compounds, we do not infer any major
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problem, except that the strength of the interaction may be stronger compared to 
exchange-coupled lanthanides. In the case, the local energy structure and magnetic 
properties of a single actinide ion could be accurately evaluated, then it is possible 
to apply the Lines model to simulate their exchange interaction. 

The Lines model and its applications have been discussed in the above examples. 
Despite its simplicity, the model has described the exchange coupling quantitatively 
in a diversity of compounds. Its accuracy strongly depends upon the local energy 
states calculated by the preceding ab initio methods. 

Recently, we have further improved and implemented some enhanced versions 
of the original Lines model in the POLY_ANISO module, which are named LIN3 
and LIN9. Their matrix representation is 

HLIN3 = ( ˆ̃sX1 , ˆ̃sY1 , ˆ̃sZ1 ) 

 

 
!JXX 0 0  
0 !JYY 0 
0 0  !JZ Z  

 

 

 

 
ˆ̃sX2 

ˆ̃sY2 
ˆ̃sZ2 

 

 , (3.49) 

HLIN9 = ( ˆ̃sX1 , ˆ̃sY1 , ˆ̃sZ1 ) 

 

 
!JXX  !JXY  !JXZ  

!JY X  !JYY  !JY Z  

!JZ X  !JZY  !JZ Z  

 

 

 

 
ˆ̃sX2 

ˆ̃sY2 
ˆ̃sZ2 

 

 , (3.50) 

where the ˆ̃sαi represents the pseudospin on-site i written in its own main axes. The 
LIN3 and LIN9 models are the extensions of the original Lines model that are more 
generalized to the full 3 × 3 exchange matrix in Eq. 3.29. These two models are 
for cases where the exchange cannot be simplified to the isotropic exchange in the 
absence of spin–orbit coupling. While these models give more freedom to describe 
a more complex interaction, these models may face over-parameterization issues, as 
there are a larger number of parameters involved. 

3.4.4 Kinetic Exchange Model 

In 2011, a series of N2 
3!-radical-bridged dilanthanide complexes [K(18-crown-

6]{[(Me3Si)2N]2(THF)Ln}2(µ-N·
2)] (Ln = Gd (1-Gd), Tb (1-Tb), Dy (1-Dy), Ho 

(1-Ho), Er (1-Er)) (Fig. 3.13) was reported [207, 208]. This series has immediately 
attracted huge attention due to the giant exchange interaction between the Ln3+ and 
N2 

3! centers, which is a few orders of magnitude larger than in the conventional 
complexes. The exchange strength is of the same order as the crystal–field interac-
tion; hence, instead of the ground doublets, the exchange process involves the whole 
ground J -multiplets [ 15]. Therefore, the exchange Hamiltonian for the series has to 
be derived from Eq. 3.30 [ 14]: 

Hex =
√

i=1,2

√

kqq ′
Jkq1q ′

Oq 
k ( Ĵi ) ̂Sq ′

O0 
k (Ji )S 

, (3.51)
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Fig. 3.13 a Molecular structure and b experimental (symbols) and calculated (lines) magnetic 
susceptibility of 1-Ln [ 15] 

which describes the interaction between the total angular momentum Ji of the lan-
thanide ions (i = 1, 2) with the spin S = 1/2 of the radical. Jkq1q ′ only accounts for 
the kinetic exchange as it is usually much stronger than the potential exchange [ 3, 
4]. Due to the D2h symmetry of the magnetic core, the π ∗ orbital of the radical only 
overlaps with the 4fxyz  orbital of the lanthanide ions [ 15]. Therefore, the maximal 
rank of k and |q| are 7 and 5, respectively. 

The set of Jkq1q ′ was derived by electronic parameters which were obtained from 
the combination of theoretical models and calculations. The transfer parameter and 
the energy gap of the 4f and π ∗ orbitals were extracted from orbital energies in DFT 
calculations via the tight-binding Hamiltonian: 

H =
√

σ

[
√

i=1,2

)f n̂i .̃ σ  + )π ∗ n̂π ∗σ 

+ t
(
â† 1 .̃ σ  ̂aπ ∗σ + â† π ∗σ â1 .̃ σ  ! â† 2 .̃ σ  ̂aπ ∗σ ! â† π ∗σ â2 .̃ σ

)]
, 

(3.52) 

where σ, n̂, â, and â† are defined in Eq. 3.17; .̃ indicated the Cartesian component 
of the orbital; )f and )π ∗ were the energies of the 4f and π ∗ orbitals, respectively; t 
and ( = )π ∗ ! )f were the transfer parameter and 4f ! π ∗ energy gap, respectively. 
The diagonalization of the Hamiltonian in Eq. 3.52 resulted in

)f,a = )f, (3.53)

)f,s = )f +
1 
2

(
( ! (2 + 8t2 

√ )
, (3.54)

)π ∗ = )f +
1 
2

(
( + (2 + 8t2 

√ )
, (3.55)
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where a and s denoted the antisymmetric and symmetric orbitals, respectively. Once 
these orbital energies were obtained from DFT calculations, t and ( were derived 
from the above system of equations. 

Similarly, the electron-promotion energy from π ∗ to 4f in 1-Gd could be derived 
from the Hubbard Hamiltonian: 

H =
√

i=1,2

√

. σ

)f n̂i. σ  +
√

σ

)π ∗ n̂π ∗σ 

+
√

σ 
t
(
â† 1 .̃ σ  ̂aπ ∗σ + â† π ∗σ â1 .̃ σ  ! â† 2 .̃ σ  ̂aπ ∗σ ! â† π ∗σ â2 .̃ σ

)

+
√

i=1,2

√

〈. σ,. ′σ ′〉
Uf n̂i. σ  ̂ni. ′σ ′ + Uπ ∗ n̂π ∗α n̂π ∗β +

√

i=1,2

√

. σ

√

σ ′
Uf,π ∗ n̂. σ  ̂nπ ∗σ ′ , 

(3.56) 
where . was the component of the 4f orbital; Uf, Uπ ∗ were on-site, and Uf,π ∗ was inter-
site Coulomb repulsion as defined in Eqs. 3.14 and 3.17. The energy gap between 
the high-spin and low-spin states was

(E = ELS ! EHS = 
1 
2

(
U ¯ ! U 

2 + 8t2
√

¯
)
, (3.57) 

where 
U ¯ = nUf ! ( ! 2nUf,π ∗ , (3.58) 

in which, Ū was the averaged promotion energy, and n was the number of 4f elec-
trons in the Ln3+ ions. Using the high-spin and low-spin energies obtained from 
DFT calculations, U ¯ for 1-Gd was derived. For the other Ln3+ ions, U ¯ could not 
be derived in this way owing to their multiconfigurational nature. Nevertheless, U ¯
was not suitable for the calculation of the exchange parameters since it was just an 
averaged value and could be inaccurate due to insufficient dynamic correlation in the 
functional. Therefore, the promotion energy was calculated as follows: 

U = U0 + (Eα, (3.59) 

where U0 was the minimal promotion energy and(Eα was the excitation energies of 
the intermediate virtual electron transferred states. The former was obtained from the 
simulation of experimental magnetic susceptibility, while the latter was approximated 
as the excitation energies for free Ln2+/Ln4+ ions which were computed by the 
multiconfigurational methods. Substituting t ,( and U in the formula (Eq. 35 in Ref. 
[ 14]) resulted in the set of exchange parameters Jkq1q ′ . 

The calculated results show that the energy gap between the 4f and π ∗ orbitals 
was extremely large (( ≈ 104 cm!1), leading to small promotion energy (U0 ≈ 
103–104 cm!1). This was the origin of the giant exchange interaction in this series. 
Moreover, the (4f)n(π ∗)1 ⇔ (4f)n!1 (π ∗)2 promotion energy was much larger than 
that of (4f)n(π ∗)1 ⇔ (4f)n+1(π ∗)0; hence, the former process was neglected. The
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Fig. 3.14 Molecular structure of (top left) 2-Ln and (top right)  3-Ln. (Bottom) (lines) calculated 
and experimental (symbols) temperature-dependent magnetic susceptibility (χ T ) at  H = 1 T [  16]. 
Reprinted with permission from Ref. [ 16]. Copyright 2021, American Chemical Society 

trend of the transfer parameter was tGd > tTb > tDy > tHo > tEr because the higher 
the atomic number was, the smaller the ionic radius was; thus, the mixing between 
the orbitals by the kinetic operator decreased. In this exchange model, the only fitting 
parameter was U0, whereas the other parameters were derived explicitly. 

The analysis of the computed exchange parameters shows that the non-negligible 
terms were up to rank k = 7. The first-rank terms were dominant and isotropic due 
to the fact that only the 4fxyz  orbital participated in the exchange process. If the 
other 4f orbitals are involved, the anisotropy of the first-rank terms will be activated. 
It is conclusive that the exchange interaction intermixed the ground and excited 
crystal–field levels on each Ln ion. Therefore, it diminished the magnetic axiality of 
the low-lying exchange states and restricted the blocking barrier to the first-excited 
level. 

Following by this theoretical study, two other N2 
3!-radical-bridged dilanthanide 

series, which were [(CpMe4H 
2 Ln(THF))2 (µ-N·

2)]
! (THF = tetrahydrofuran, CpMe4H = 

tetramethylcyclopentadienyl, Ln = Tb (2-Tb), Dy (2-Dy)) and (CpMe4H 
2 Ln)2(µ-N·

2)]
! 

(Ln = Tb (3-Tb), Dy (3-Dy)) (Fig. 3.14) [  16, 209] were investigated. The kinetic 
exchange model was applied to these complexes as the magnetic core remained the 
same. All the electronic parameters were kept fixed except the minimal promotion 
energy (U0) which was obtained by the simulation of magnetic properties.
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Table 3.2 Experimental (exp) and calculated (cal) blocking energy barriers [ 16] 
1-Tb 1-Dy 2-Tb 2-Dy 3-Tb 3-Dy 

(exp) Ueff1 227 123 242 110 276 108 

(cal) Ueff1 208 121 240 104 222 113 

(exp) Ueff2 – – – – 564 – 

(cal) Ueff2 – – – 208 440 210 

The computed results indicated that the surrounding ligands did not significantly 
impact the nature of the exchange interaction provided by the radical. The reason 
was that the first-rank exchange terms were dominant and isotropic due to the D2h 

symmetry of the magnetic core. Moreover, in 2-Dy, 3-Tb, and 3-Dy, there existed 
two blocking energy barriers corresponding to two magnetization relaxation paths. 
However, the property was only observed experimentally in 3-Tb. It might be because 
the measured temperature in the Arrhenius plots for 2-Dy and 3-Dy was not high 
enough to detect the high energy path [ 16, 209]. 

As given in Table 3.2, the blocking energy barrier of the Tb congeners is always 
twice larger than that of the Dy analogs, which appears to be a general property of 
the N2 

3!-radical-bridged complexes. Since the surrounding ligands and the bridging 
radical are identical, the property must originate from the Ln ions themselves. A 
thorough examination of the exchange states in 3-Tb and 3-Dy showed that the 
exchange splitting in the Tb complexes is approximately twofold that of the Dy 
complexes. It is because that (i) the π ∗ orbital of the radical only overlaps with the 
4fxyz  orbital(s) corresponding to |L , ML〉 = |3, ± 2〉, and (ii) the kinetic exchange 
mainly arises from the (4f)n(π ∗)1 ⇔(4f)n+1(π ∗)0 process [ 14, 15]. As illustrated in 
Fig. 3.15, for  Tb3+ ion, there exist two electronic transfer paths; for Dy3+, the orbital 
|3, 2〉 is already doubly occupied that the electronic transfer only happens via the 
other orbital. Thus, the blocking barrier in the Tb complex is around twice larger 
than in the Dy analog as the magnetization in this family mostly relaxes through the 
first-excited level [ 16] (Fig. 3.16). 

A subsequent computational investigation of 3-Tb [ 17] shows that indeed the Cp 
ligands lowered the axiality of the complex. The reason was that besides exchange 
coupling, the N2 

3! radical also provided a non-negligible crystal–field effect. As the 
radical formed the shortest bond with the Tb ions, the magnetic anisotropy axis was 
oriented by the radical. Thus, the Cp ligands provided the CF effect perpendicular 
to the anisotropy axis that diminished the axiality of the Tb ions. It is illustrated in 
Fig. 3.17d that if the crystal field of the surrounding ligands is collinear with the 
exchange interaction, the axiality will be enhanced significantly. Further analysis 
highlighted that the ultimate SMM performance of exchange-coupled compounds 
could be obtained when the crystal field was collinear with the magnetic anisotropy 
axis while the magnetic exchange was ferromagnetic [210, 211]. For this purpose, 
the energy of the magnetic orbital of the radical needed to be in resonance with the 
6s/5d orbitals of the lanthanide to activate the Goodenough mechanism [212]. This
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Fig. 3.15 Kinetic exchange path(s) between the π ∗ orbital and 4fxyz  orbital(s) in Tb3+ and Dy3+ 

ions. For clarity, the splitting between orbitals is not drawn at its true scale [ 16]. Reprinted with 
permission from Ref. [ 16]. Copyright 2021, American Chemical Society 

Fig. 3.16 Molecular structures of a 1-Tb, b 1-Cp, c 1-N, and  d 2-Tb  [ 17]

prediction was recently confirmed by a novel (CpiPr5)2Dy2I3 (CpiPr5 = pentaisopropy-
lcyclopentadienyl) complex, which has set the record 100-s blocking temperature of 
72 K [213]. 
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Fig. 3.17 Calculated energies of the ground J -multiplet of the Tb ions (cm!1) [  17]. Reprinted 
with permission from Ref. [ 17]. Copyright 2022, John Wiley and Sons 

3.5 Conclusions 

In this chapter, we have introduced the calculation of magnetic exchange in mult-
inuclear compounds from theory to current applications. Several exchange mecha-
nisms have been discussed along with some phenomenological exchange Hamilto-
nians. Three main approaches for the computational studies of magnetic exchange 
that have been examined thoroughly are broken-symmetry density functional theory 
(BS-DFT), multiconfigurational wave function-based methods, and semi-ab initio 
approach. Each of them has its own advantages and disadvantages that are suitable 
for different types of complexes. For instance, whereas BS-DFT is very robust, it is 
not suitable in cases where the ground state is well characterized by a single Slater 
determinant. Various practical approaches for the application of BS-DFT for deriv-
ing magnetic exchange in lanthanide and transition metals are discussed. Several 
studies where computational magnetic exchange was derived from multiple com-
putational approaches complementing each other are discussed in detail [ 15, 214]. 
Besides reviewing various interesting results, we have also pointed out the challenges 
and limits of current computational methods for predicting magnetic exchange. In 
conclusion, we hope that this chapter will stand as a motivation for the develop-
ment of novel computational methods, aiming at accurate description of electronic 
structure and properties of exchange-coupled systems, for the ultimate dream of 
computational prediction of electronic structure and properties of multicenter multi-
functional materials.
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Chiuzbăian S et al (2021) Phys Rev Lett 126:087001 
155. Lines ME (1971) J Chem Phys 55:2977–2984 
156. Ungur L, Chibotaru LF (2006–2022) The computer programs SINGLE_ANISO and 

POLY_ANISO. University of Leuven 
157. Ungur L, Thewissen M, Costes J-P, Wernsdorfer W, Chibotaru LF (2013) Inorg Chem 

52:6328–6337 
158. Chibotaru LF, Ungur L, Aronica C, Elmoll H, Pilet G, Luneau D (2008) J Am Chem Soc 

130:12445–12455 
159. Long J, Habib F, Lin P-H, Korobkov I, Enright G, Ungur L, Wernsdorfer W, Chibotaru LF, 

Murugesu M (2011) J Am Chem Soc 133:5319–5328 
160. Vieru V, Ungur L, Cemortan V, Sukhanov A, Baniodeh A, Anson CE, Powell AK, Voronkova 

V, Chibotaru LF (2018) Chem Eur J 24:16652–16661



152 G. T. Nguyen and L. Ungur

161. Chibotaru LF, Girerd J-J, Blondin G, Glaser T, Wieghardt K (2003) J Am Chem Soc 
125:12615–12630 

162. Prokof’Ev N, Stamp P (1998) Phys Rev Lett 80:5794 
163. Leng J-D, Liu J-L, Zheng Y-Z, Ungur L, Chibotaru LF, Guo F-S, Tong M-L (2013) Chem 

Commun 49:158–160 
164. Harriman KL, Le Roy JJ, Ungur L, Holmberg RJ, Korobkov I, Murugesu M (2017) Chem 

Sci 8:231–240 
165. Tian H, Ungur L, Zhao L, Ding S, Tang J, Chibotaru LF (2018) Chemistry (Weinheim an der 

Bergstrasse, Germany) 24:9928–9939 
166. Perfetti M, Gysler M, Rechkemmer-Patalen Y, Zhang P, Taştan H, Fischer F, Netz J, Frey W, 
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