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Dynamic properties of the alkali-doped molecular crystal K;Cgq, are investigated using machine learning force
field (MLFF). Our trained force fields successfully reproduce phonons comparable to those from density
functional theory 10-times faster in computational efficiency. Specific heat with MLFF also show good
agreement with experimental data, demonstrating its reliability for thermodynamic analysis. Two descriptor
schemes, Smooth Overlap of Atomic Positions and Atomic Cluster Expansion, are employed and systematically
compared. This study represents the first detailed exploration of dynamic properties in molecular crystals using

MLFF, highlighting MLFF’s potential in more complex molecular crystals, such as Cq, disorder in fullerides,

molecular melting.

1. Introduction

Lattice dynamics is critical for understanding the fundamental ther-
mal, mechanical, and electronic properties of crystalline materials [1-
3]. At the heart of this field lies the study of phonons, quantized vibra-
tional modes responsible for transmitting thermal energy in solids [4].
Phonon-related properties are particularly significant in materials sci-
ence and condensed matter physics, where controlling lattice dynamics
can enable the development of novel materials with tailored character-
istics for specific applications. In the case of molecular crystals, lattice
dynamics becomes even more intricate due to the weak elastic coupling
between individual molecules, leading to unique dynamic properties
that can result in exotic materials, of which there are many examples,
including single molecular magnets [5], alkali-doped fullerides [6], and
two-dimensional van der Waals (vdW) heterostructures [7].

Phonon calculations typically employ two main approaches: density
functional theory (DFT) [8] and molecular dynamics (MD) [9-11].
While DFT-based phonon dispersion calculations are known for their
accuracy, they are computationally expensive, scaling as O(N*) [12-
14], with N representing the number of atoms in the system. Conse-
quently, their application is limited to relatively simple crystals with
smaller unit cells. In contrast, MD methods scale as O(N), making
them more suitable for complex systems such as disordered mate-
rials, alloys, polymers, and interfaces. However, MD typically relies
on empirical force fields, which may lack the accuracy needed for
precise predictions, particularly for systems requiring quantum me-
chanical treatment. Recent advancements have aimed to improve MD
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accuracy by incorporating quantum mechanical insights into the force
fields. Still, achieving a universally ideal force field potential remains
challenging, as accurately partitioning the total electronic energy into
atom-atom contributions (e.g., Coulombic, polarization, dispersion)
is difficult [15]. Although various corrections (e.g., DFT+U [16-18]
for the correction of Coulomb interaction, DFT+D [19,20] and vdW-
DFT [21] for the non-long interaction correction, and relativistic cal-
culations accounting for spin-orbit coupling (SOC)) can enhance DFT
accuracy, they also increase computational costs.

The advent of artificial intelligence (AI) and machine learning (ML)
techniques offers a promising alternative by combining the strengths
of DFT and MD. Machine learning force field (MLFF) is a special
case of application of artificial intelligence (AI), which significantly
speeds up the derivation of the inter-atomic potentials (i.e., Force
Field) compared to the derivation of classical force fields. The data
required for the training process of MLFF are the structural information,
energy, forces, and stress, which are the basic results in almost any
first-principles calculations. For effective and accurate training of the
MLFF, a large amount of data needs to be acquired or generated by
computational means. Molecular dynamics is a good way to generate
different structures of the same material, covering the most important
part of the relevant structural configuration space. These potentials can
accurately replicate DFT data and are considered more precise than
traditional cluster functionals for generating key dynamic features for
calculations, such as interatomic force constants (IFCs). These meth-
ods have shown significant potential across materials science, from
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predicting mechanical properties and thermal transport to designing
atomistic potentials [22-26]. By training ML models on DFT-level data,
it is possible to generate force fields that accurately reflect key inter-
actions, including Coulomb and non-local vdW forces, thus enhancing
the efficiency and applicability of MD simulations.

However, the power of ML are not directly based on physical or
chemical principles, and their high accuracy thus comes at the expense
of interpretability, often treating the training procedure as “black box”
models [27]. On the other hand, applying them to complex materials,
such as molecular crystals and heterostructures, presents additional
challenges due to lower symmetry and increased atomic complexity.
The alkali-doped fullerides A;Cgg, which adopt a face-centered cubic
(FCC) structure, provide a suitable test case for ML methods due
to their relatively high symmetry and weak long-range interactions.
This material is known for its unusual electronic properties, including
superconductivity in both equilibrium and non-equilibrium states and
metal-insulator transitions that can be modulated by factors such as
carrier concentration, pressure, and the type of alkali atom [28,29].

Our study aims to assess the applicability of MLFFs for investigating
the lattice dynamics of molecular crystals, specifically alkali-doped
fullerides. We also explore the potential of ML methods to reproduce
phonon properties with computational efficiency while maintaining
high accuracy, thereby offering a viable alternative for large-scale
phonon calculations in more complex materials, such as the disorders of
fullerenes. In this paper, we demonstrate the successful application of
MLFF in predicting IFCs for K;Cg, based on which the lattice dynamic
properties of this material are studied. The MLFF are generated using
two schemes, Smooth Overlap of Atomic Positions (SOAP) [30], and the
Atomic Cluster Expansion (ACE) [27] schemes, for which a comparison
is carried out.

2. Machine learning force field

For one crystal (with N atoms), its dynamic properties can be
generated from the potential energy surface (PES), which is a function
of three cartesian coordinates of each atom in one crystal (3N total de-
grees of freedom). The total energy can be expressed by the summation
of the energy associated with each atom:

E =) E+V,(conf), @
I

where V,(conf) is the electron potential for one structure configuration.
However, this method requires a detailed description of the structure:
atomic species, the distances between atoms and their orientations,
which is inconvenient when atoms are permuted, or the structure is
translated or rotated. A more effective representation maps an atomic
structure/configuration on a basis vector, which remains unchanged
under permutation/translation/rotation operations. These basis vec-
tors, named descriptors, form a feature space based on which the
machine-learning engine can be constructed. Besides, with descriptors
it becomes easier to systematically distinguish the similarity of struc-
tures, regress structure—property relationship, or analyze configuration
space by lower-dimensional visualizations.

As one of the most common methods for describing the atomic
structure (the other one is related to internal coordinates [31]), the
decomposition of total energy can be expanded based on these atomic
density distribution functions (ADDF) [32], expressed as:

pr) = Y @z 8(r —r,), @

where i indicates the neighboring atoms within some cutoff distance,
wg, is a unique weight factor according to the atomic species i, and r; is
the vector from the central atom to neighbor i. Suppose all the species
of atoms are treated as identical, w, = 1. This definition of ADDFs
guarantees permutational and translational invariance. The rotational
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invariance will be fulfilled by introducing the basis set, which is defined
in a similar way as that for the electronic part:

Guim(®) = a. Ry (1Y, (F), 3

where q, is the coefficient, t = r/r, r = |r|, and R, (r) and Y,,,(f) are
for the radial part (polynomials) and the angular part (spherical har-
monics) respectively. The descriptors are a collection of the projection
coefficients of the ADDF onto the basis set:

Cnim = (p(r)|¢n1m(r)> . (4)

With the definition of the basis set and descriptors, the training
procedure can be performed for various methods; in this work, we
employ an effective Gaussian regression method. The key point of train-
ing is not the descriptors (or structures) themselves but the similarity
between the descriptors of two structures/configurations, which the
kernel can characterize. This similarity measurement should also fulfill
the requirement for the descriptors, which is the permutation rotation
invariance; thus, the ADDF is a good candidate for constructing the
kernels. The kernel technique solves a low-dimensional problem by
adding additional dimensions. In material science, the kernel is a fixed
(nonlinear) function to characterize the degree of similarity between
the atomic environments described by its two arguments: p, p’. The
most straightforward way [30] to characterize structure similarity is
to calculate the inner product of two atomic neighbor densities as

S(p,p") = / p(r) - p(r)dr. 5)

Therefore, the kernel k(p, p’) can be interpreted as a covariance func-
tion, which must be symmetric and positive defined [30]. A good re-
view of the kernel can be found in Rasmussen and Williams’s book [33].

To comply with the requirement for permutational, rotational, and
translational invariance, the kernel can be defined by integrating all
rotational operations as follows:

k(p, p') = / |G, R R = / dR |p(r)pRear | 6)

Finally, the trained model should be validated for further appli-
cations. Many attempts have been proposed to validate the MLFF.
A systematic way and definition to validate the MLFF method was
proposed [34,35], mainly focuses on three aspects:

« Intrinsic numerical error of the MLFF, which characterizes the
intrinsic error between DFT calculation and MLFF during training,

» Comparison between DFT and MLFF after training, which char-
acterizes how well MLFF can reproduce the DFT data for a given
structure that is not far away from the initial structure,

» Comparison between MLFF and experimental data, which finally
validates the MLFF training.

In this paper, we will follow this validation method.
2.1. Comparison between SOAP and ACE

In this paper, two MLFF schemes: Smooth Overlap of Atomic Po-
sitions (SOAP) proposed by A. P. Barték [30], and the Atomic Cluster
Expansion (ACE) generalized by R. Drautz [27], are employed, of which
a full comparison of these two methods is shown in Table 1.

Regarding the radial part of the basis set (R,,;(r)), SOAP uses cubic
and higher-order polynomials, while in ACE, the radial part is the
described by the Chebyshev polynomials of the first kind [36]. Since
these polynomials are complete basis sets, Chebyshev polynomials, and
cubic and higher-order polynomials should be equivalent when high
enough order of the radial parts of these basis sets are included; thus,
the two basis sets of both ACE and SOAP schemes are equivalent to
each other [27]. We should note that with a non-orthogonal basis set,
this scheme can also be employed by including the overlap matrix S.
The angular part of these two schemes is expressed by the spherical
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Table 1
Comparison between SOAP [30] and ACE [27] schemes, concerning the basis set (¢,,,,), descriptors (p), and the kernel (k(p, p)).
SOAP ACE
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harmonics (Y),,(t)). The descriptors used in MLFF training are obtained
by projecting the ADDPs onto these basis sets (Eq. (4)). Despite the
equivalent basis set, the perspective of representing structures in these
two schemes differs. In SOAP, the structure is described by bond order
parameters; a complete description of different structures involves the
bond-order parameters (power spectrum (p;) and bi-spectrum (b,,],z)
for second-order and third-order) to the third-order. In this case, the
rotational invariance is fulfilled as any rotation operator corresponds to
the Wigner matrices D/(R), which form the irreducible representations
of the three-dimensional rotation group SO(3). While in ACE, the
technique of atomic cluster expansion function (&,,) provides a sys-
tematic way to generate higher-order B"” interactions by adjusting the
expansion order, making it suitable for applications requiring highly
accurate interatomic potentials and fitting potential energy surfaces.

The features of these basis sets and perspectives for representing
structures determine the kernels k(p, p’). In SOAP kernel, local environ-
ments are characterized by calculating the smooth overlap of atomic
density distributions, where the local density around each atom is
represented by Gaussian functions instead of § functions centered on
its neighbors. While ACE is particularly advantageous for detailed in-
teratomic potential fitting, SOAP excels in tasks that involve similarity-
based analysis, such as clustering atomic structures or kernel-based
machine learning models for predicting material properties.

3. Computational methods

The crystal constant of K5Cg is 14.240 A [37]. In the SOAP scheme,
all DFT calculations, ab initio molecular dynamics, are carried out
by VASP 6.3 [38,39]. The plane-wave kinetic energy cutoff is set to
1000 eV and a 4 x 4 x 4 Monkhorst-Pack (MP) mesh [40] is used to
perform Brillouin zone (BZ) integration to ensure the convergence of
DFT calculation. The convergence threshold of total energy is set to
107 eV. Projector augmented-wave(PAW) pseudo-potentials [41,42]
are employed with the exchange and correlation approximations Gen-
eralized Gradient Approximation PBE (GGA-PBE) [43]. The Gaussian
smearing of width 0.05 eV is used. The training data in the SOAP
scheme is named VASPset. The MLFF training procedure is performed
with the on-the-fly training module [25,44] in VASP for primitive unit
cell. The MLFF potential is constructed based on a variant of the GAP-
SOAP method [30,45] with a Gaussian width of 0.5 A. The local atomic
configurations are described within a cutoff radius of 8 and 5 A for

the two- and three-body terms, respectively. The canonical ensemble
(NVT) was utilized in the MD simulations, with temperature oscillations
being controlled by the Langevin thermostat [46-48], at around 200 K.
The phonon calculations are carried out by frozen-phonon method with
VASP+phonopy [49,50], where a 2 x 2 x 2 super-cell is used, with the
energy convergence threshold set as 1078 eV.

For the ACE scheme, all DFT-related calculations are performed
with Quantum ESPRESSO (QE) [51] to prepare the training data set:
QEset. The plane-wave kinetic energy cutoff is set to 60 Ry (~816 eV)
with a density cutoff of 240 Ry (~3265 eV) and shifted 4 x 4 x 4
Monkhorst-Pack meshes are used to perform Brillouin zone integration
to ensure the convergence. The total energy convergence is set to
be better than 10714 Ry (~1.4x107!3 eV). Ionized pseudopotentials
with the configuration (3p)®0(4s)*°(34)*0 generated with the Troullier-
Martins [52] method, as well as the phonon dispersion from density
functional perturbation theory (DFPT) are taken from Ref. [53]. The
MLFF descriptors and kernel are derived with the on-the-fly MLFF
software flare [54]. The ACE-based local atomic configurations are
described with a species-pair specified cutoff radius of 4.3, 5.0, and 5.0
A for C-C, CK, and K-K pair respectively, optimized by maximizing the
log marginal likelihood (see Fig. S1). The MD for this scheme is carried
out by LAMMPS [55], where NVT with Nosé-Hoover thermostat [56,
57] is set at 200 K.

The classical MD is performed for K;Cq, using a hybrid potential
pair style, with Tersoff potential [58] applied for C-C pair and Lennard-
Jones potential [59] applied for the rest pairs. To validate how well
the MLFF can reproduce DFT energy and force calculated, we generate
1000 randomly distorted structures (TESTset) by phonopy, with the
distortion magnitude 0.06 a.u. (~0.03 1°\) for each atom.

4. Results and discussion

We have successfully generated the MLFF for K;Cq, with both
ACE and SOAP schemes, based on which the thermal dynamics are
analyzed. To further discuss the results, the trained MLFFs must be
first validated. Validation checks involve the ability of trained force
fields to reproduce dynamic properties obtained by DFT calculations.
For quantifying the deviation, we employ two of the most commonly
used metrics, the mean absolute error (MAE) and the root mean square
error (RMSE) [35]:

1 N
MAE = NZ|3’1—J’[| @
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RMSE = |~ o= ®

where y; is the reference value while j; is calculated or predicted value
from MLFF model. Depending on the definition of index i, the two
metrics can represent the numerical error of different properties. For
example, suppose i represents the number of training steps in one MLFF
procedure, the MAE and RMSE refer to the estimated Bayesian error
of a specific property, which is the analysis of the intrinsic numerical
error of the MLFF method itself. If the i index distinguishes the value
from different methods, MAE and RMSE refer to the second aspect of
the validation, which represents the errors of the comparison between
the reference value (the data from DFT in MLFF) and the prediction
from MLFF. In the MLFF method, y quantity usually represents energy,
forces, and stress. These two metrics are suitable for all the properties
in the MLFF calculations, not just for scalar quantities, such as the
total energy, but vector quantities, like the force vector and the atomic
displacement vector, if their norms are involved. However, there are
several ways to convert vectors into norms, such as L1 norm, L2 norm,
etc. L2 norm will be employed in this paper because of the error
metric of the rotational invariance. In lattice dynamics, the forces or
displacements are described by the force vector or normal modes,
composed of all three components of each atom’s force or displacement
vector. Thus, the L2 norm of a force vector is calculated as

IFl = /3 1E . ©)
Jj a

where F;, is the & component in the Cartesian coordinate (x, y, z) of the
jth atom. This quantity characterizes the magnitude of the deviation.
However, vectors possess both magnitude and direction. To account for
the deviation of the directions, we construct the force vector angle 6 :

FMLFF . FDFT

COS(@F) = W (10)

4.1. Efficiency and error analysis

The self-evaluation of the training errors is summarized in Fig. 1(a)
and (b) for SOAP and ACE, respectively. The error analysis is based
on force (SOAP) and energy (ACE). All the configurations from MD
steps with a variable larger than the threshold will be sent for DFT
calculations, from which the energy, force, and stress will be added
to the training dataset. The threshold for force will evolve with the
increase of the number of MD steps while it is kept constant for the
energy. In both cases, the variables decrease with more MD steps,
enhancing the training model’s accuracy. The accuracy can reach 0.02
eV/A and 0.0002 eV for the two methods, showing that the trained
model can reproduce the force or energy from DFT calculations with
an error within 0.02 eV/A and 0.0002 eV, which is compatible with
the relaxation procedure for the phonon calculations with DFT. On
the other hand, the number of effective DFT calculations from the two
schemes is 95 and 70, meaning that only 95 and 70 configurations are
necessary to train an MLFF with the same level of accuracy. This shows
another potential direction to enhance the efficiency of MLFF.

Fig. 1(c) summarizes the time consumed in these two schemes for
phonon calculations. It is clearly shown that the time elapsed for MLFF
training are similar from ACE and SOAP schemes. This is reasonable as
in these two schemes, similar DFT steps are involved, 95 and 70 for QE
and VASP. While there is a significant difference (about six times) be-
tween the time consumed for phonon calculations at DFT level because
of the different methods for phonon calculations in QE and VASP. With
QE, DFPT is employed while with VASP finite displacement method
with a super-cell of 2 x 2 x 2 is used, which increases the computational
work load. Another reason may come from the incompatibility between
the DFT and MD codes, and the phonon calculation methods at DFT
level. In the ACE frame work, the MD is performed by LAMMPS while
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Fig. 1. Self-estimation error of MLFF in SOAP (a) and ACE (b) schemes. The
time-consuming of the phonon calculations (c).

the build-in MD code in VASP is employed in SOAP scheme, resulting
in more compatibility in SOAP than that in ACE. The final efficiency
enhancement are about 5 times faster for ACE and 30 times faster for
SOAP. However, in reality, phonon dispersion calculations at the DFT
level may take a longer time since the validation of phonon dispersion,
especially in the elimination of imaginary phonon frequencies as this
could only be carried out after obtaining the interatomic force constants
(IFCs), involving several relaxation procedures and a bunch of SCF
calculations. For example, for the calculation of phonon dispersion
of the K;Cq, from DFPT, various parameters (ENCUT/BZ sampling)
were varied, and three relaxation procedures were performed to get
the phonon dispersion without imaginary frequencies. And phonon
calculation using force fields from MLFF training takes no time. Thus,
the efficiency enhanced by the MLFF method is estimated to be at
least 10 times with ACE method taking into consideration of one time
imaginary elimination procedure.
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Fig. 2. Comparison of the total energy, forces between DFT calculation and the MLFF methods for both SOAP (a) and ACE (b) schemes, color-coded by Gaussian

Kernel Density Estimation (KDE), rescaled to [0,1].

4.2. Validation of force field

The DFT calculations are carried out on the same TESTset by VASP
and QE, of which the energy and force are compared to that from MLFF
predictions with the SOAP (VASP) method and ACE (QE) method, as
shown in Fig. 2(a) and (b), respectively. The figure shows clearly that
MLFF from both ACE and SOAP schemes can reproduce the DFT energy
and force (both the magnitude and angle). The RMSE for energy is
0.1582 and 0.0965 meV/atom for SOAP and ACE, respectively, with
MAE 0.1258 and 0.0767 meV/atom, while for forces, the RMSE are
0.0624 and 0.0755 eV/A for SOAP and ACE respectively, with MAE
0.0498 and 0.0600 eV/A, showing the better performance of ACE than
that of SOAP, which is also confirmed by the cos(@).

The different behavior of these validation between QE and VASP
is mainly because of the intrinsic features of these two software in
practice. On the one hand, in principle, these two schemes are equiv-
alent if the high enough order of the descriptors could be generated,
which is impossible in reality. On the other, the DFT calculations from
VASP and QE on the same TESTset are consistent as they give the same
energy range, about 10 meV/Atom, and force magnitude range, about 5
eV/f\, which aligns with the benchmarks [60]. A further proof can be
verified when cross check of the phonon dispersion by switching the
training data set in these two methods is performed, as shown in the
next section.

4.3. Phonon dispersions

With the trained force field, the interatomic force constant (IFCs)
are calculated, based on which the phonon dispersion is obtained,
as shown in Fig. 3, where black and red lines represent the phonon
band structures calculated using DFT and the Machine Learning Force
Field (MLFF) method, respectively. Specifically, the Density Func-
tional Perturbation Theory (DFPT) method is used in QE, while the
finite displacement method (FDM) is employed in the framework of
VASP+phonopy for phonon calculations. To have a more complete
comparison, classic molecular dynamic calculation is also carried out
(Fig. 3(a) yellow line).

An overall agreement presents between the DFT data and that from
MLFF can be seen in Fig. 3. However, there are some mismatches

Table 2

Pryse for phonon calculations for the low energy ( ), high

L
PRMSE

energy (P;I’WSE) and full energy (P{MSE) regions with different
methods.
DFTData PRLMSF_ PRHMSE P){MSE
ACE QE 8.70 10.79 10.56
VASP 26.56 15.50 16.98
QE 8.50 10.70 10.49
SOAP VASP 26.92 15.07 16.72
MD 87.49 221.32 210.60

between DFT and MLFF methods, especially for the dispersions between
1050 to 1150 cm~!. Besides, the optical modes from DFT are more
dispersive than MLFF’s. This is reasonable as the molecular feature of
Ceo is kept in K;3Cg(. Thus, the optical modes mainly correspond to the
vibrations of Cgy molecules modified by the weak elastic interactions
between Cgo molecules. These weak elastic interactions that are of long-
range nature can be accounted for by DFT method, while the MLFF is
limited due to the radius cutoff of the descriptors, which are 5.0 A (3-
body radius cutoff for SOAP) and 4.3 A (C-C radius cutoff for ACE),
smaller than the diameter of Cq, molecule (~7.0 Io\) [61]. The classic
molecular dynamic method gives a larger mismatch in that it predicts
the highest phonon frequency is 1923 cm~!, while that from both the
DFT and MLFF is around 1500 cm~!. In the low energy region (below
300 cm™1, Fig. 3(b)), the acoustic phonons are poorly reproduced with
SOAP scheme compared with that by ACE. However the imaginary
dispersions calculated by FDM with VASP are captured by the MLFF
method.

To quantitatively describe the difference between DFT and MLFF
phonons, we defined the root mean square error for phonon calcula-
tions (Pyysg):

Nmode (a)MLFF — wDFT)Z

Pryvse = Z L v, an
q

where N is the number of q points along high-symmetry path in the

Brillouin, N, . represents the number of modes in the high/low/all

J; NmodeXNq
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1750

ASP-DFT QEDFT QeDFT
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200
— VASP-DFT — QEDFT — QEDFT
VASP-MLFF QE+FLARE Uefersoff

200
— VASPDFT

—— ACEVASPset

— QEDFT
—— SOAP-QEset

Fig. 3. Phonon dispersion (cm™!) from DFT(black) and MLFF(red) calculated
by QEflare and VASP, as well as the classic molecular dynamics method
(Tersoff+LJ, yellow solid line). (a). full phonon dispersions, (b). phonon
dispersion in the low energy region (below 300 cm™'). (c). Cross-check of
the training with SOAP and ACE schemes the same DFT data sets on different
schemes in the low energy region, referring Fig. S2 for the full comparison.

energy regions. Pyysg are summarized in Table 2. The P, RMSE and PRMSE
represents the RMSE of the phonon dispersions in the low energy region
(below 300 cm™!) and the high energy region (above 300 cm~!). The
PRLMSE are 26.92, 8.70, and 87.49 for SOAP, ACE, and MD methods,
respectively, while P]{’MSE are 15.07, 10.79, and 221.32 for SOAP, ACE
and MD method. This complies with the fact that the descriptors are
local, and shows the necessity to include the semi-local or non-local
interaction to improve phonon predictions with MLFF.

As Cgq is an ideal platform for studying the Jahn-Teller effect
and Jahn-Teller plays an important role in K;Cqy, we compare the
Jahn-Teller related frequencies from DFT and MLFF method, as shown
in Table 3. Due to the selection rule, only five-fold degenerate H,
modes of Cg, [53] are Jahn-Teller active. The H, modes are split into
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Table 3
Comparison of phonon frequencies (cm™) of H, modes at the I' point from
DFPT, FDM, MLFF with ACE and SOAP, as well as experimental data.

Mode  DFPT MLFF FDM MLFF Exp. [62]
(QE) (ACE) (VASP) (SOAP)
ES TS Eg TE Eg Tg ES TS

H,(1) 257 274 255 268 262 277 263 279 268
H,(2) 406 401 417 401 399 398 383 384 416
H,(3) 637 642 650 652 621 625 654 654 712
H,(4) 770 768 757 755 760 760 768 765 752
H,(5) 1094 1087 1098 1093 1064 1060 1102 1099 -
H,(6) 1251 1240 1222 1221 1214 1207 1231 1229 -
H,(7) 1357 1353 1350 1336 1333 1338 1332 1334 1409
H,(8) 1499 1497 1480 1479 1488 1488 1478 1477 1550

two-fold degenerate E, and three-fold degenerate T;, modes as the
symmetry is lowered from I, to T,. The difference between calculated
and experimental data is within 10%, indicating the good performance
of MLFF.

4.4. Cross training

As discussed in Section 2.1, the two schemes of SOAP and ACE are
equivalent when a higher order of basis set is included. In contrast,
Fig. 3 shows imaginary frequencies with the SOAP scheme, while no
imaginary frequencies appear with ACE. To clarify the primary origin
of the difference, we perform a cross-check validation by switching
the training data for SOAP and ACE. The phonon dispersion in the
low energy region is displayed in Fig. 3(c), with the full comparison
presented in Fig. S2. When applying the SOAP scheme to the QE set,
imaginary frequencies are eliminated, and the dispersion, particularly
in the low energy region, replicates that from the ACE scheme. Con-
versely, when inputting the VASP set into the ACE scheme, imaginary
frequencies appear. This indicates that the phonon dispersion and
dynamic properties heavily rely on the DFT calculations. The overall
Pryse values are 10.49 and 16.98, with PL, . values of 8.50 and

H .
26.56, and Py, ¢ values of 10.70 and 15.50, respectively.

4.5. Elastic moduli

The trained force field is further utilized to predict the elastic mod-
uli. For FCC crystals, the three independent components of the elastic
moduli: Cy, Cy,,y, and Cy,,, [63], are calculated using DFT, MLFF,
and classical MD, with the results summarized in Table 4. As shown
in the table, the MLFF predictions can deviate from the DFT reference
values by several hundred kBar. This discrepancy, while significant, of-
fers valuable insight into areas for future model refinement and is likely
attributed to two aspects. The first one is high sensitivity to prediction
errors. Elastic moduli are derivatives of stresses ¢ with respect to strain
e (C ; = 00; /o€ j), where minor inaccuracies in the predicted stresses
can be significantly amplified when calculating the moduli. The use
of FDM that derives moduli from a sparse set of discrete strains also
leaves a tiny room to allow any random errors to average out. While
both training schemes only include stress at most into the training
scheme, the accuracy in elastic moduli is not guaranteed. In addition,
sufficient sampling of the configuration space is lacking. The model
is trained primarily on a MD simulations which may only explore the
PES around equilibrium structure, without sufficiently sampling atomic
configurations to include anisotropic strains that are required to derive
elastic moduli. The MLFFs are therefore forced to extrapolate for the
uncertain domain that leads to reduced accuracy.
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Table 4

The three independent general moduli, C,,,,, Cy,,,, and

C.,x, (kBar) for different methods.

CIXXX CXny CXYX.V

QE 364.46 237.58 131.29
MLFF (flare) 76.53 39.12 123.12
VASP 124.47 266.34 15.21
MLFF (VASP) 408.11 250.88 201.12
MD?* 489.62 222.83 101.05

a MD values are averages of the elastic tensor elements due
to lifted degeneracy for broken FCC symmetry (See Table. S1).

10
~
hV4
© 14
c
=
E H —— VASP (C,)
O ——- VASP-MLFF (C,)
— QE(C))
——- QE+FLARE (C))
LJ+Tersoff (C,)
0 10 20 30

T(K)

Fig. 4. Specific heat of K;Cg.

4.6. Specific heat

The specific heat is produced based on phonon calculations using
different methods, as shown in Fig. 4, and is compared to experimental
data measured by a conventional adiabatic heat pulse method [64].
This specific heat consists of the linear-in-T term, which indicates
structural disorder, a cubic Debye term with @p,,,, = 70 K, chosen by
scaling the Debye frequency of copper by the ratio of the bulk moduli
between copper and K;Cgy, and an Einstein term corresponding to a
34 + 1 K level [65].

Due to the severe overestimation of phonon dispersions by the
classic MD method (orange line), the specific heat calculated with MD
is furthest from the experimental data. The predicted specific heat
using the MLFF reproduces the temperature dependence with a slight
enhancement. The results from the SOAP scheme (blue dashed line) and
DFT (blue solid line) calculations intersect at T ~ 4 K, which should not
occur since the calculated C, should not exceed C,. This discrepancy
mainly arises from the incorrect ground state in the DFT calculations.
The ACE scheme results (red dashed line) and DFPT calculations (red
solid line) are reasonable; however, there remains a small mismatch,
likely due to the lack of consideration for disorder in Cgy, which
exists in fullerides [66,67]. Although phonon calculations of disordered
fullerides with DFT may be excessively resource-intensive, the MLFF
method demonstrates potential in addressing this issue.

5. Conclusion

In this work, we present for the first time a rigorous study of the
dynamic properties of the alkali-doped molecular crystal K;Cg using
machine learning force field (MLFF) methods with SOAP and ACE
schemes. The results demonstrate that MLFF can accurately reproduce
phonon dispersion patterns comparable to those obtained from DFT
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calculations while offering substantial improvements in computational
efficiency. Based on the analysis of the training dataset, only 95 and
70 configurations are necessary for the phonon calculations, enhanc-
ing computational efficiency by about one order of magnitude. This
suggests another potential direction for enhancing the efficiency of
MLFF. The study confirms the suitability of MLFF approaches for inves-
tigating molecular crystals, particularly when traditional methods, such
as density functional perturbation theory (DFPT), are computationally
prohibitive for complex systems. A comparison of two distinct MLFF
frameworks highlights the critical role that high-quality DFT training
data plays in the predictive power of the MLFF. The specific heat
calculated using the MLFF agrees with experimental results, further
validating the reliability of the MLFF approach for thermodynamic
properties.

However, the cross-check validation of the two schemes shows that
although the MLFF engine can achieve the accuracy of DFT calculations
for dynamic properties, it relies heavily on the DFT training data.
Besides, the force field in this paper is specified to the K;Cgq. Typically,
a force field trained on one specific material is tailored to accurately
reproduce the properties of that material alone. Even when the training
is performed for a particular phase, transferring the potential to other
phases of the same material remains difficult. To address this, there is
a growing trend toward developing so-called “universal” force fields
for individual elements [68,69]. Besides, there is a very recent work
on the universal foundation of transfer training for molecular crystals,
but lattice dynamics is not well studied [70]. However, we believe that
constructing truly universal force fields is ultimately unfeasible, as it
may lead to issues similar to those encountered in the development of
pseudopotentials in DFT. Instead, we propose to develop a locally trans-
ferable force field tailored to a family of related materials. For example,
it is more feasible to reach the transferability for the force field to K,,Cg
(n=1,2, ...,6) family with the training performed on K;Cg,. Therefore,
exploring how to surpass this limitation and maximize transferability
may be an important topic for future work.
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