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ABSTRACT: A current understanding of the luminescence of lanthanide complexes is based on the phenomenological Judd−Ofelt
(JO) theory. However, the mechanisms of electric-dipole transitions lying at its basis were never subjected to a rigorous analysis.
Here, we investigate the contributions to the electric-dipole transitions in the Er3+ 4S3/2 →

4I15/2 band of an erbium trensal complex
using state-of-the-art ab initio calculations. We find that the conventional JO mechanism based on the electrostatic crystal field yields
only a quarter of the integral intensity of this band. Accordingly, three quarters of it is contributed by covalent binding of erbium and
ligand orbitals via three major mechanisms, the 4f ligand and ligand−ligand electric-dipole transitions and covalent enhancement of
the hybridization of 4f and even empty orbitals of erbium. We expect that these findings will inspire the design of efficient rare-earth
luminescent materials.

Optical spectroscopy of rare-earth ions or lanthanide (Ln)
ions1,2 is a continuously active research topic first and

foremost because of numerous current applications.3−9 Thus,
rare earths often serve as hybrid materials10−12 and agents in
magnetoresonance imaging13 and are widely used in lasers and
optical amplifiers,1,2,14−16 for upconversion luminescence,17,18

in a variety of near-field optical sensors, and as phosphors, in
particular, in display screens.19 The sharp and intense
luminescence displayed by Ln ions in various environments
is due to strongly differing angular momentum quantum
numbers of the involved multiplets, their weak crystal-field
(CF) splitting, and a very weak electron-vibrational coupling
for 4f electrons resulting in strongly suppressed radiationless
transitions.20 The description of the integral intensity (II) of
luminescence has been done for decades within the
phenomenological Judd−Ofelt (JO) theory.21,22 However,
the mechanism of the optical transition incorporated in this
theory has never been subjected to rigorous analysis.
According to the Laporte selection rule,23,24 electronic

transitions that conserve parity are forbidden. Then electric-
dipole transitions between multiplets built on molecular
orbitals (MOs) of the 4f type will only be allowed if the
nearest environment lacks inversion symmetry. Judd and Ofelt
assumed that violation of the Laporte rule in such environ-
ments is via an electrostatic crystal field (ECF) admixture of
Ln orbitals of even parity (5d, 4g, etc.) to the 4f orbitals.21,22

On the other hand, it is well-known that metal−ligand
covalency can also contribute to splitting of the Ln 4f shell,25,26

which gives rise to a “covalent” version of the CF theory, the
angular overlap model (AOM).27−29 Both ECF and AOM are
phenomenological approaches describing (i.e., fitting) the
experiment with comparable accuracy that did not allow for a
long time to elucidate the actual role of electrostatic and
covalent contributions to the CF in rare earths. Recently, when
high-level ab initio calculations were applied, the two
contributions were found to be roughly equal in strength in

the erbium trensal complex.30 Despite its efficiency for the
description of the electronic structure, magnetism, CF,20,30 and
4fN−1−4fN5d1 optical transitions,31 the ab initio approach has
not been applied yet to analysis of the mechanisms driving the
luminescence of Ln ions.
Here we report explicitly correlated ab initio calculations32,33

of rare-earth luminescence and the investigation of possible
mechanisms of the electric-dipole transitions. We chose to
analyze the Er3+4 S3/2 → 4I15/2 green emission band of the
erbium trensal complex34,35 (Figure 1) because of a successful
previous investigation of its CF spectrum by the same
method.30 Besides, the green emission band of Er3+ is famous
for its use in the optical amplification of information signals in
telecommunications optical fiber networks.14−16

The molecular terms of erbium trensal were calculated with
the complete-active-space self-consistent-field (CASSCF)
method,36,37 as implemented in the MOLCAS package.32,33

The experimental structure determined at 293 K was
employed.38 The Er, O, N, and C atoms close to Er were
described by ANO-RCC-VDZP/VTZP basis sets; the more
distant C and H atoms were described by the same basis set
without polarization. The active space of CASSCF included
only electrons spanning seven 4f orbitals of the Er3+ ion. In the
second step, spin−orbit coupling was taken into account
within the space of the calculated terms in the atomic mean-
field approximation39 using the RASSI module of MOL-
CAS.32,33,40 The obtained spin−orbit multiplets of the complex
were used for calculation of the intensities (rates of
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spontaneous emission) of electric-dipole transitions within the
green emission band (Figure 1b). The calculated spectrum
reproduces the main features of this band (Figure 1d).
The II of this band taken as a sum of the rates of

spontaneous emission of the corresponding optical transitions
per molecule amounted to 4253 and 3901 s−1 for calculations
within the VDZP and VTZP basis sets, respectively. In order to
assess the role of erbium ligand covalency in the observed II,
we made another series of similar calculations in which
complete quenching of hybridization between the erbium and
ligand orbitals is achieved via application of the fragment ab
initio model potential approach.41 These calculations basically
describe an ECF splitting of erbium multiplets (including those
arising from the 4f shell) of the Er3+ ion in a self-consistent
field of the electron distribution of the ligand (Figure 1a).30

The results are shown in the first column of Table 1, from
which we may conclude that quenching of the erbium ligand
covalency drastically reduces the II to 26% (VDZP) and 23%
(VTZP) with respect to their values in the conventional ab
initio calculation of the complex.

Further insight is obtained by specifying possible electric
dipolar mechanisms of luminescence in terms of atomic-like
orbitals. The optical transitions between 4f multiplets in a Ln
complex arise via nonzero matrix elements of electric dipolar
momentum (D) on constituting MOs of the 4f type. To this
end, the hybridization of atomic 4f orbitals with all other
orbitals in the complex is essential and can be written in
symbolic form:

c c c c4f 4f 4f 5d 5d 6p 6p L Lψ φ φ φ φ= ̃ + ̃ ̃ + ̃ ̃ + ̃ ̃ (1)

where φ4f is a normalized combination of seven atomic 4f (Ln)
orbitals, φ̃5d and φ̃6p are orbitals originating from even (e.g.,
5d) and odd (e.g., 6p) empty Ln orbitals, and φ̃L denotes

Figure 1. (a) View of erbium trensal with the electronic density distribution at the (trensal)3− ligand surrounding Er3+ (pink ground). (b)
Electronic transitions involved in the luminescence of a Er3+ ion: optical pumping (blue) green and red (not considered here) emission and
radiationless transitions (wavy arrows). (c) Measured profile of the 4S3/2 →

4I15/2 emission band of erbium trensal. Reproduced with permission
from ref 34. Copyright 2001 American Chemical Society. (d) Calculated spectrum within the VDZP (green line) and VTZP (red line) basis sets.

Table 1. Integral Intensity of the Green Band Arising from
ECF (s−1)

basis set full no 5d no empty even no empty odd

VDZP 1094 16 0 1320
VTZP 908 32 0 1356
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ligand-type orbitals. The hybridization is usually weak (c4f ≈
1), whereas the tilded orbitals are characterized by a much
stronger covalent hybridization with other non-4f atomic
orbitals (AOs), e.g.

5d 5d5d 5d 5dL L 5d6p 6pφ α φ α φ α φ̃ = ̃ + ̃ + ̃ (2)

with the α coefficients of similar order of magnitude for all
AOs. φ5d and φ6p represent the group of excited (empty)
atomic Ln orbitals of even and odd parity, respectively,
whereas φL denotes the net ligands’ orbitals (see the
Supporting Information). The expression for the electric
dipolar matrix element on two MOs of the 4f type, ⟨ψ4f|
D|ψ′4f⟩, after the substitution of eq 2 into eq 1 displays six
distinct contributions in terms of the Ln AOs and ligands’
MOs (eqs S7−S9), which give rise to six mechanisms of
electric dipolar transitions in Ln ions (Figure 2). These
comprise two two-step mechanisms (plots a and b) and four
three-step ones (plots c−f).

Assessment of the strength of each of the six mechanisms is
achieved via consequent quenching in calculations of the
intensity of the electric dipolar matrix elements between all
AOs except those connected by red arrows in the
corresponding mechanism in Figure 2. One should note that
the overall II (corresponding to the full calculation) is by far
not a simple sum of partial contributions from the six

mechanisms because of their interference in the individual
matrix elements ⟨ψ4f|D|ψ′4f⟩ (eq S4).
In terms of these mechanisms, the partial contribution to the

II in the last column of Table 1 corresponds to (a), i.e., to the
conventional JO mechanism; all other contributions entail, in
addition, the mechanism (d). Because suppression of the latter
significantly changes the results of the full calculation, we may
conclude that the contribution of electric-dipole transitions
between even (5d) and odd (6p) empty Ln AOs, originally not
considered by Judd and Ofelt,21,22 is by far nonnegligible. This
may come as a surprise given that (d) is a three-step
mechanism, i.e., containing an additional small factor (c6̃p or
c5̃d; eq 1) in the expression for the electric dipolar matrix
element D(d) (eq S9) compared to the two-step transition D(a)

corresponding to the JO mechanism (eq S8). One should keep
in mind, however, a stronger ECP admixture of the odd erbium
orbitals to the 4f ones, a larger number of transitions involved
in mechanism (d), and larger electric dipolar matrix elements
compared to those in mechanism (a). As shown in the second
column of Table 1, the major contribution to the ECP
luminescence, in particular to the JO mechanism, is provided
by the admixture of the Er 5d orbitals. Given the larger II due
to the JO mechanism alone (last column in Table 1), we may
conclude that the addition of mechanism (d) results in a
negative interference with the former, leading to diminishing
luminescence (first column).
Next we investigate the strengths of the luminescence

mechanisms in Figure 2 on the basis of full ab initio calculation.
The six distinct contributions to the II are listed in Table 2. We

can see that the JO mechanism (a) is enhanced several times
compared to the ECP description (last column in Table 1) and
now alone amounts to almost the entire II. The reason for that
is the strongly increased hybridization between the 4f and even
erbium orbitals via their mutual covalent admixture to the
ligand orbitals. The effect of this admixture is especially strong
for the empty erbium orbitals, as shown in Figure 3.

Comparable II magnitudes are provided by mechanisms (b)
and (e), both arising from the 4f ligand covalency effects.
Analysis of the contributions of empty and occupied erbium
orbitals, relevant for all mechanisms except (b) and (e), shows
that the former are by far the dominant ones.
In summary, a decent description of the multiplets of the

erbium trensal complex30 enabled a realistic estimation of

Figure 2. Six mechanisms of electric dipolar transitions between 4f
orbitals in Ln complexes. Red arrows stand for electric dipolar
coupling, and green arrows denote covalent (when relevant) and ECF
admixtures of excited Ln and ligand orbitals. As stated in the text, the
label “5d” in the above scheme stands for “all even empty orbitals of
the lanthanide” and label “6s” stands for “all odd empty orbitals of the
lanthanide”.

Table 2. Contributions to the Integral Intensity from the Six
Electric-Dipole Mechanisms in Figure 2 (cm−1)

basis set (a) (b) (c) (d) (e) (f)

VDZP 3221 2307 688 308 1475 427
VTZP 3249 1760 161 66 1645 145

Figure 3. Representative “non-4f”MOs of erbium trensal contributing
to ψ4f (eq 1): (a) LUMO φ̃5d; (b) LUMO φ̃6p; (c) HOMO φ̃L.
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relative contributions to the II of its green emission band from
six possible mechanisms of electric-dipole transitions. It is
found that the contribution from the conventional JO
mechanism based on the ECF constitutes only a small fraction
of the II, the main part arising from erbium ligand covalency
through the 4f ligand and ligand−ligand electric-dipole
transitions, and covalent enhancement of the hybridization of
4f and the even empty erbium orbitals. Hence, increasing the
Ln ligand covalency represents the major route toward highly
luminescent Ln materials.
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Riley, M. J. Ligand-Field Analysis of an Er(III) Complex with a
Heptadentate Tripodal N4O3 Ligand. Inorg. Chem. 2001, 40, 5401−
5407.
(35) Flanagan, B. M.; Bernhardt, P. V.; Krausz, E. R.; Lüthi, S. R.;
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