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Exploring vibronic coupling in the benzene radical
cation and anion with different levels of the GW
approximation†

Zi Cheng Wong * and Liviu Ungur

The linear vibronic coupling constants of the benzene radical cation and anion have been obtained with

different levels of the GW approximation, including G0W0, eigenvalue self-consistent GW, and

quasiparticle self-consistent GW, as well as DFT with the following exchange–correlation functionals:

BLYP, B3LYP, CAM-B3LYP, tuned CAM-B3LYP, and an IP-tuned CAM-B3LYP functional. The vibronic

coupling constants were calculated numerically using the gradients of the eigenvalues of the degenerate

HOMOs and LUMOs of the neutral benzene molecule for DFT, while the numerical gradients of the

quasiparticle energies were used in the case of GW. The results were evaluated against those of high

level wave function methods in the literature, and the approximate self-consistent GW methods and

G0W0 with long-range corrected functionals were found to yield the best results on the whole.

1 Introduction

The ability to interpret and predict chemistry-related phenomena
ranging from organic reactivity to molecular spectroscopy is one
of the ultimate goals of computational quantum chemistry.
However, this requires an exact solution to the Schrödinger
equation of the system of interest, which is impossible in almost
all situations. Because of this, simplifying approximations are
necessary to reduce the complexity of the problem and render it
solvable.

A common starting point is to treat the nuclear and electronic
motion separately by applying the adiabatic approximation.1 The
electronic wave functions and their corresponding energies are
first obtained by solving the electronic Schrödinger equation,
which is dependent on the nuclear coordinates parametrically.
The adiabatic potential energy surface (PES) associated with a
particular electronic eigenstate is then the variation of the
corresponding electronic energy with respect to the nuclear
coordinates.1

The potential energy for nuclear motion is given by the
adiabatic PES, and can be applied to examine and interpret
various chemical processes. For example, the PES can be used
to predict and simulate molecular rotational and vibrational
spectra, and vice versa.2,3 Other than this, knowledge of the PES

is also essential towards gaining an understanding of
how biological macromolecules fold to form complex three-
dimensional structures.4,5

However, the adiabatic approximation is sufficient only
when the coupling between the electronic and nuclear motion
is negligible. It is inadequate for treating systems with significant
non-adiabatic effects; e.g. degenerate electronic states or conical
intersections. Vibronic coupling, which is the coupling between
the electronic and vibrational motion of a molecule, has to be
taken into consideration to model such systems properly.6,7

For example, vibronic coupling can be used to rationalise the
symmetry breaking distortion of electronically degenerate systems
in the Jahn–Teller (JT) theorem.8

As its name would suggest, the prerequisites of studying
vibronic coupling are an accurate treatment for both the
vibrational and electronic motion. As such, a quantitatively
accurate description of the molecular electronic and vibrational
structure is crucial for the calculation of vibronic coupling
constants. Highly correlated wave function methods, such as
coupled-cluster singles and doubles with perturbative triples
(CCSD(T))9,10 or complete-active-space with second-order
perturbation theory (CASPT2),11,12 have been shown to fulfil
the above criteria for accuracy, but the high computational cost
of these methods precludes their usage for larger molecules.13–16

A popular option in computational chemistry is Kohn–Sham
density functional theory (DFT).17–19 The main challenge in the
use of Kohn–Sham DFT lies in the choice of an appropriate
exchange–correlation functional. Depending on the exchange–
correlation functional used, the quality of the DFT results can
vary from being qualitatively wrong to yielding values
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comparable to the CCSD(T) level of theory.19–24 As a result,
the development and benchmarking of exchange–correlation
functionals in DFT remain a topic of great interest, even
today.21,22,25,26

Alternatively, a possible method that has been shown to
improve upon the shortcomings of DFT is the GW approximation,
which is based on Green’s function in many-body perturbation
theory.27,28 The one-particle Green’s function for an interacting
system is connected to the Green’s function for a non-interacting
system by a Dyson equation, which includes a self-energy term
containing all electron correlation effects.29 Thus, the main
challenge in Green’s function-based approaches lies in finding a
suitable approximation for the self-energy term.

Hedin approached this problem by first expanding the self-
energy as a series in terms of the Green’s function G and a
screened Coulomb interaction W.30 This is followed by the neglect
of vertex corrections, which gives an expression for the self-energy
to be iGW, and hence the name of the GW approximation.
Notwithstanding these simplifications, Hedin’s equations with
the GW approximation still has to be solved self-consistently,
which remains a computationally demanding task.

As such, the G0W0 method is frequently used instead. In the
‘one-shot’ G0W0 approach, the GW quasiparticle energies
are computed perturbatively with respect to the one-electron
eigenvalues obtained from a mean-field Hartree–Fock (HF) or
DFT calculation.28,31,32 G0W0 has been shown to improve upon
some problems with DFT; the ionisation potentials (IPs) and
band gaps calculated with G0W0 are often improved compared
to the corresponding DFT starting points.31,33–36 However, as
G0W0 only acts as a single perturbative correction, it remains
strongly dependent on the initial mean-field calculation.32,33,37

To reduce this starting point dependence, a few simplified
self-consistent GW methods have been proposed to extend and
improve upon the G0W0 approach. In eigenvalue self-consistent
GW (evGW), the eigenvalues of the quasiparticle equation are
calculated self-consistently by re-entering the quasiparticle
energies into the computation of G, W, and the self-
energy.36,38,39 A simplified form of evGW is to update only G
and not W (evGW0), such that the screened Coulomb inter-
action W0 is only calculated once using the eigenvalues from
the mean-field calculation.39,40 In both evGW and evGW0, the
quasiparticle wave function is kept unchanged throughout,
while the quasiparticle energies are computed iteratively.
In contrast, the quasiparticle wave function and energies are both
obtained self-consistently in the quasiparticle self-consistent
GW (qsGW) method, which uses an energy-independent and
Hermitian approximation to the GW self-energy operator to
simplify the quasiparticle equation.38,41,42

The effect of going beyond G0W0 with these approximate
self-consistent GW methods has been found to be largely
positive, with a reduced dependence on the initial mean-field
calculation in conjunction with an improvement in the computed
IPs.34,38,43–46 Naturally, the price of these improvements is an
increased computational cost, compared to that of G0W0.

Although there is a growing interest in GW in the context of
vibronic coupling,47–55 these studies are largely limited to

G0W0, and the results of going up the hierarchy of GW methods
remains to be studied. In an earlier study, we derived the
vibronic coupling constants of the cyclopentadienyl radical
using the gradients of the G0W0 quasiparticle energies.47 Our
results were mostly in agreement with those of the high level
wave function methods, but the starting point dependence of
the computed vibronic coupling constants was still noticeable.
Hence, to mitigate this starting point dependence, the present
study aims to investigate the evGW, evGW0, and qsGW methods
towards computing the vibronic coupling constants of the
benzene radical cation and anion.

The benzene radical cation has been the subject of numerous
experimental and computational studies in the context of the JT
effect.56–77 Köppel and co-workers have carried out a series of
studies examining the vibronic interactions in the benzene radical
cation, in which the vibronic coupling constants are first obtained
using ab initio calculations, before being used in quantum
dynamics simulations to characterise the internal conversion
processes in the benzene cation.56–61 Johnson and co-workers
interpreted the photoinduced Rydberg ionization and mass-
analysed threshold ionization spectra of benzene using the
vibronic coupling constants calculated with DFT.62–64 Applegate
and Miller analysed the zero kinetic energy spectra of benzene in a
similar manner using the complete active space self-consistent
field (CASSCF) calculations.65 More recently, Vidal et al. simulated
the X-ray absorption spectra of neutral benzene and its
cation using equation-of-motion coupled-cluster methods.66 The
difference between the two was attributed to the splitting of the
1sC - p* transition in the JT-distorted benzene cation.67

There are far fewer studies on the JT effect in the benzene
radical anion in comparison,78–82 with some investigating both
the benzene cation and anion within a single work.83–86 Toku-
naga et al. derived the vibronic coupling constants as the
integral over the electronic operator of a vibronic Hamiltonian,
which was then computed using generalised HF and CASSCF
calculations.83 Kato and co-workers used the same approach,
except with DFT.84,85 Perebeinos et al. used a model Hückel-
type electronic Hamiltonian to investigate the electron–phonon
coupling in the bond stretching and bending vibrational
modes.86

Hence, the performance of GW towards the calculation of
vibronic coupling constants can be examined using these
studies. The rest of this work is structured as follows. The
theory behind the calculation of the vibronic coupling con-
stants of the benzene radical cation and anion and an overview
of the various GW methods used in this work are given in
Section 2. Computational details are given in Section 3, fol-
lowed by the results and discussion in Section 4 and concluding
remarks in Section 5.

2 Theory
2.1 Vibronic coupling

We follow the protocol by Tokunaga et al. in this work.83,87 The
Hamiltonian for a molecular system, Hmol, can be written as
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Hmol(r,R) = Tn(R) + Te(r) + Unn(R) + Une(r,R) + Uee(r) (1)

where Tn and Te represent the kinetic energy operators for the
nuclei and electrons, respectively, while Unn, Une and Uee are
the nuclear–nuclear, nuclear–electron, and electron–electron
electrostatic interactions. The nuclear and electronic coordinates
of the molecule are given by R and r, respectively. The electronic
Hamiltonian for the molecule, He, is written as

He(r,R) = Te(r) + Unn(R) + Une(r,R) + Uee(r). (2)

The solution to the electronic Hamiltonian within the
adiabatic approximation is then the electronic wave function,
Ck(r;R):

ĤeCk(r;R) = Ek(R)Ck(r;R) (3)

where Ek represents the adiabatic PES corresponding to the
electronic state k. Within the crude adiabatic approximation,88

the electronic wave function Ck(r;R0) at a set of reference
nuclear coordinates, R0, is used as the basis of the electronic
operators in the molecular Hamiltonian:

He(r;R) = He(r;R0) + DU(r;R) (4)

such that the change in energy with respect to a distortion from
R0 is accounted for by DU(r;R), the change in the Une and Unn

potential terms:

DU(r;R) = (Une(r;R) � Une(r;R0)) + (Unn(R) � Unn(R0)). (5)

The vibronic Hamiltonian Hvib can be obtained by expanding
the nuclear geometry about R0 in terms of mass-weighted
normal coordinates Qi:

Hvib ¼
X
i

��h2

2

@2

@Qi
2

� �
þHe r;R0ð Þ

þ
X
i

@U

@Qi

� �
R0

Qi

þ 1

2!

X
i

X
j

@2U

@QiQj

� �
R0

QiQj þ � � �

(6)

where the indices i, j = 1, 2, 3,. . ., 3N � 6 refer to the normal
modes of the molecule (3N� 5 in the case of a linear molecule),
and U is the sum of Une and Unn. The third term onwards in
eqn (6) corresponds to DU in eqn (4), and the nth order vibronic
coupling constant V ðnÞi1i2...in

is defined to be:

V
ðnÞ
i1i2 ...in

¼ @nU

@Qi1@Qi2 . . . @Qin

� �
R0

: (7)

Defining a zeroth-order Hamiltonian

Hð0Þ ¼
X
i

��h2

2

@2

@Qi
2

� �
þHe r;R0ð Þ; (8)

the vibronic Hamiltonian, Hvib., can be written as the sum of
H(0) and the vibronic coupling terms:

Hvib: ¼ Hð0Þ þ
X
i

V
ð1Þ
i Qi þ

1

2!

X
i1

X
i2

V
ð2Þ
i1 i2

Qi1Qi2 þ � � � : (9)

As the present study is restricted to a linear vibronic coupling
model, the intermode and higher order vibronic coupling terms
can be removed from eqn (9), which gives

Hvib: ¼ Hð0Þ þ
X
i

V
ð1Þ
i Qi þ

1

2

X
i

oi
2Qi

2 (10)

where oi is the vibrational frequency of the normal mode i.
The linear vibronic coupling term in eqn (10) can be written

as the sum of one-electron operators and a nuclear–nuclear
repulsion term, corresponding to the change in Une and Unn

with respect to the molecular geometry (eqn (5)). The linear
vibronic coupling operator is then

V̂
ð1Þ
i ¼ �

X
a

X
a

@

@Qi

Zae
2

jra � Raj

� �� �
R0

þ@Unn

@Qi

¼
X
a

v̂
ð1Þ
i þ

@Unn

@Qi

(11)

with the one-electron operator

v̂
ð1Þ
i ¼ �

X
a

@

@Qi

Zae
2

jra � Raj

� �� �
R0

: (12)

The indices a and a run over the electrons and nuclei, respectively,
while Za refers to the charge of nucleus a, and e is the
electronic charge. The nuclear repulsion term will be zero
except for the normal modes with the totally symmetric
representation.

Next, consider the benzene radical cation and anion. The
D6h equilibrium geometry of the neutral benzene molecule is
used as the reference geometry R0 throughout this work (Fig. 1).
The benzene cation exhibits a degenerate ground electronic
state in D6h symmetry, with the degenerate ce1g

orbitals not fully
occupied. Similarly, the benzene anion has a degenerate
ground electronic state because of its singly-occupied ce2u

orbitals. As a result, both the benzene cation and anion will
undergo a JT distortion, reducing the molecular symmetry to
the D2h point group.89 We will use y and e throughout this work
to distinguish between a degenerate pair of symmetry elements;
see Fig. 2 as an example of this notation with the frontier
orbitals of benzene.

We first consider the benzene cation, and denote |E1g(y)i
and |E1g(e)i as the degenerate electronic states of the cation
which decompose to the b2g and b3g representations upon
subduction of the molecular symmetry from D6h to D2h. Under
the space spanned by the degenerate E1g electronic states of the

Fig. 1 The reference geometry used in this work; the B3LYP/def2-TZVPP
optimised structure (C–C: 1.391 Å, C–H: 1.082 Å) of the neutral benzene
molecule with a D6h symmetry.
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cation, the linear vibronic coupling matrix (V(+,1)
i , in boldface)

for normal mode i can be written as

V
ðþ;1Þ
i ¼

E1gðyÞ V̂
ð1Þ
i

��� ���E1gðyÞ
D E

E1gðyÞ V̂
ð1Þ
i

��� ���E1gðeÞ
D E

E1gðeÞ V̂
ð1Þ
i

��� ���E1gðyÞ
D E

E1gðeÞ V̂
ð1Þ
i

��� ���E1gðeÞ
D E

0
BB@

1
CCA:
(13)

The + (�) sign in the superscript is used to denote
the vibronic coupling matrix for the cation (anion),
while the number refers to the order of the vibronic coupling
matrix.

If the degenerate electronic states |E1g(y)i and |E1g(e)i are
both treated with single Slater determinants, the Slater–Condon
rules for one-electron operators90 can be applied to calculate the
matrix elements of V(+,1)

i as a sum of integrals over the occupied
molecular orbitals.

First, the diagonal terms of V(+,1)
i can be expressed as

E1gðyÞ V̂
ð1Þ
i

��� ���E1gðyÞ
D E

¼
X
m

nmðyÞ cm v̂
ð1Þ
i

��� ���cm

D E
þ @Unn

@Qi
(14a)

E1gðeÞ V̂
ð1Þ
i

��� ���E1gðeÞ
D E

¼
X
m

nmðeÞ cm v̂
ð1Þ
i

��� ���cm

D E
þ @Unn

@Qi
(14b)

where m runs over the occupied orbitals of the benzene
cation, and nm(y) and nm(e) are the occupation numbers of
the spatial orbital cm in the Slater determinants

corresponding to |E1g(y)i and |E1g(e)i, respectively. The off-
diagonal terms are

hE1g(y)|V̂(1)
i |E1g(e)i = hE1g(e)|V̂(1)

i |E1g(y)i = hce1g(e)|v̂(1)
i |ce1g(y)i

= hce1g(y)|v̂(1)
i |ce1g(e)i. (15)

Fig. 2 Degenerate frontier orbitals of the neutral benzene molecule
obtained with B3LYP/def2-TZVPP. Upon the subduction of the reference
D6h geometry of benzene to the D2h point group, the irreducible
representation of the highest occupied molecular orbitals (HOMOs) of
benzene, ce1g(y) and ce1g(e), will be reduced to b2g and b3g respectively,
while the lowest unoccupied molecular orbitals (LUMOs) of benzene,
ce2u(y) and ce2u(e), are reduced to au and b1u respectively.

Fig. 3 B3LYP/def2-TZVPP e2g normal modes of neutral benzene. Under
the subduction D6h - D2h, the e2g representation is reduced to a1g " b1g,
and e2g(y) and e2g(e) correspond to a1g and b1g, respectively.
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The terms in eqn (14) and (15) are known as orbital vibronic
coupling constants.91,92

The expressions for the matrix elements of V(+,1)
i in eqn (14)

and (15) can be simplified further using symmetry considerations.
First, the symmetric product of the representations of the electronic
states and normal mode i has to contain the totally symmetric
representation for the matrix elements of V(+,1)

i to be non-zero.
This can be written as

A1g A E1g # E1g # Gi = {A1g " E2g} # Gi (16)

where Gi is the symmetry representation of the normal mode i.
Thus, the linear vibronic coupling matrices of the benzene
cation will be non-zero only for normal modes with e2g or a1g

symmetry.
For the e2g normal modes of benzene (Fig. 3), the

nuclear–nuclear repulsion term (qUnn/qQi) is zero, while the
orbital vibronic coupling constants corresponding to a
molecular orbital cm will be zero unless the product of
the symmetry representation of cm contains the E2g

representation:

E2g A Gm # Gm (17)

where Gm is the symmetry representation of the molecular
orbital cm.

Only molecular orbitals with the E1g, E2g, E1u, and E2u

symmetries obey eqn (17), and have non-zero orbital vibronic
coupling constants. By the Wigner–Eckart theorem,93 the
magnitude of the orbital vibronic coupling constants for a
degenerate pair of molecular orbitals is equal to each other.
Because of the opposing signs in the respective Clebsch–
Gordan coefficients,94 the orbital vibronic coupling constants
of a degenerate pair of molecular orbitals will cancel each
other out:

cmðyÞ v̂
ð1Þ
e2g

��� ���cmðyÞ

D E
þ cmðeÞ v̂

ð1Þ
e2g

��� ���cmðeÞ

D E
¼ 0 (18)

for m in e1g, e2g, e1u, and e2u. As a result, only the doubly
occupied frontier orbitals in the benzene cation contribute to
the summation in eqn (14).

Thus, the diagonal elements of V(+,1)
i in eqn (14) can be

further reduced to

E1gðyÞ V̂
ð1Þ
e2g

��� ���E1gðyÞ
D E

¼
X
m

nmðyÞ cm v̂ð1Þe2g

��� ���cm

D E

¼
X

m2 e2g;e1u;e2uf g
nmðyÞ cm v̂ð1Þe2g

��� ���cm

D E

þ ce1gðyÞ v̂
ð1Þ
e2g

��� ���ce1gðyÞ

D E

þ 2 ce1gðeÞ v̂
ð1Þ
e2g

��� ���ce1gðeÞ

D E

¼ ce1gðeÞ v̂
ð1Þ
e2g

��� ���ce1gðeÞ

D E

(19a)

E1gðeÞ V̂
ð1Þ
e2g

��� ���E1gðeÞ
D E

¼
X
m

nmðeÞ cm v̂ð1Þe2g

��� ���cm

D E

¼
X

m2fe2g ;e1u;e2ug
nmðeÞ cm v̂ð1Þe2g

��� ���cm

D E

þ 2 ce1gðyÞ v̂
ð1Þ
e2g

��� ���ce1gðyÞ

D E

þ ce1gðeÞ v̂
ð1Þ
e2g

��� ���ce1gðeÞ

D E

¼ ce1gðyÞ v̂
ð1Þ
e2g

��� ���ce1gðyÞ

D E

(19b)

Hence, the linear vibronic coupling matrix V ðþ;1Þe2g
for the e2g

normal modes of the benzene cation can be written in terms of
orbital vibronic coupling constants as:

V ðþ;1Þe2g
¼

ce1gðeÞ v̂
ð1Þ
e2g

��� ���ce1gðeÞ

D E
ce1gðeÞ v̂

ð1Þ
e2g

��� ���ce1gðyÞ

D E

ce1gðyÞ v̂
ð1Þ
e2g

��� ���ce1gðeÞ

D E
ce1gðyÞ v̂

ð1Þ
e2g

��� ���ce1gðyÞ

D E
0
BB@

1
CCA: (20)

According to the Wigner–Eckart theorem, the vibronic cou-
pling matrix for a degenerate pair of e2g normal modes (ne2g(y)

and ne2g(e)) can be reduced as

V
ðþ;1Þ
e2gðyÞ ¼

1ffiffiffi
2
p E1g V̂

ð1Þ
e2g

��� ���E1g

D E 1ffiffiffi
2
p 0

0 � 1ffiffiffi
2
p

0
BBB@

1
CCCA

¼ 1

2
E1g V̂

ð1Þ
e2g

��� ���E1g

D E 1 0

0 �1

 !
(21a)

V
ðþ;1Þ
e2gðeÞ ¼

1ffiffiffi
2
p E1g V̂

ð1Þ
e2g

��� ���E1g

D E 0
1ffiffiffi
2
p

1ffiffiffi
2
p 0

0
BBB@

1
CCCA

¼ 1

2
E1g V̂

ð1Þ
e2g

��� ���E1g

D E 0 1

1 0

 !
(21b)

where E1g V̂
ð1Þ
e2g

��� ���E1g

D E
is the reduced matrix element.

Thus, a single vibronic coupling constant V ðþ;1Þe2g
is sufficient

to describe the linear vibronic coupling for a degenerate pair of
e2g normal modes in the benzene cation, and can be calculated
as the orbital vibronic coupling constants of its frontier HOMOs:

V ðþ;1Þe2g
¼ 1

2
E1g V̂

ð1Þ
e2g

��� ���E1g

D E

¼ ce1gðeÞ v̂
ð1Þ
e2gðyÞ

��� ���ce1gðeÞ

D E

¼ � ce1gðyÞ v̂
ð1Þ
e2gðyÞ

��� ���ce1gðyÞ

D E

¼ ce1gðyÞ v̂
ð1Þ
e2gðeÞ

��� ���ce1gðeÞ

D E
(22)

Computationally, the electronic degeneracy in an open-shell
radical system would typically preclude the usage of single
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configuration methods such as DFT on the benzene cation
directly.87,95 To avoid the problem of degeneracy, we will derive
the vibronic coupling constants of the benzene cation using the
orbital vibronic coupling constants of the closed-shell neutral
benzene molecule instead. As the orbitals of interest are the
degenerate HOMOs of the highly symmetric benzene molecule,
the addition or removal of an electron should not affect these
p-orbitals, and hence the calculated orbital vibronic coupling
constants significantly. This approach was used in our previous
study on the JT distortion in the cyclopentadienyl radical,47 and
we hope to further validate it here.

Next, we consider the a1g normal modes (Fig. 4). Using
eqn (13), the linear vibronic coupling matrix for the a1g normal
modes can be written as

V ðþ;1Þa1g
¼

E1gðyÞ V̂
ð1Þ
a1g

��� ���E1gðyÞ
D E

0

0 E1gðeÞ V̂
ð1Þ
a1g

��� ���E1gðeÞ
D E

0
BB@

1
CCA:
(23)

The off-diagonal elements of the vibronic coupling matrix for
the a1g normal modes are zero by symmetry considerations,
and the diagonal matrix elements are yet to be calculated.

To do so, we extend the neglect of orbital relaxation beyond
the degenerate HOMOs to include all occupied orbitals in the
benzene radical cation. In other words, the occupied orbitals in
the benzene radical cation are all treated with the corres-
ponding orbitals in the neutral benzene molecule.

The diagonal matrix elements can then be calculated with
reference to the vibronic coupling constants of the neutral
benzene molecule. These are just the force constants of neutral
benzene, which is zero at the optimised equilibrium geometry.

C0 V̂
ð1Þ
i

��� ���C0

D E
¼
X
m0

nm0 cm0 v̂
ð1Þ
i

��� ���cm0

D E
þ @Unn

@Qi
¼ 0; (24)

where C0 is the ground electronic state of neutral benzene, nm0

is the occupation number of molecular orbital cm0 in C0.
If all orbital relaxation effects are ignored, the orbitals for

the cation and neutral molecule are equal, i.e. cm = cm0. Using
eqn (14), the diagonal matrix elements can then be

calculated as

E1gðyÞ V̂
ð1Þ
a1g

��� ���E1gðyÞ
D E

¼
X
m

nmðyÞ cm v̂ð1Þa1g

��� ���cm

D E
þ @Unn

@Qa1g

¼
X
m0

nm0 cm0 v̂
ð1Þ
a1g

��� ���cm0

D E
þ @Unn

@Qa1g

� ce1gðyÞ v̂
ð1Þ
a1g

��� ���ce1gðyÞ

D E

¼� ce1gðyÞ v̂
ð1Þ
a1g

��� ���ce1gðyÞ

D E

(25a)

E1gðeÞ V̂
ð1Þ
a1g

��� ���E1gðeÞ
D E

¼
X
m

nm cm v̂ð1Þa1g

��� ���cm

D E
þ @Unn

@Qa1g

¼
X
m0

nm0 cm0 v̂
ð1Þ
a1g

��� ���cm0

D E
þ @Unn

@Qa1g

� ce1gðeÞ v̂
ð1Þ
a1g

��� ���ce1gðeÞ

D E

¼� ce1gðeÞ v̂
ð1Þ
a1g

��� ���ce1gðeÞ

D E

(25b)

According to the Wigner–Eckart theorem, E
1g
ðyÞ V̂ ð1Þa1g

��� ���E1g
ðyÞ

D E
and E

1g
ðeÞ V̂ð1Þa1g

��� ���E1g
ðeÞ

D E
are equal. Thus, the vibronic coupling

constant V ðþ;1Þa1g
for the a1g normal modes can be calculated in

terms of orbital vibronic coupling constants as:

V ðþ;1Þa1g
¼� ce1gðyÞ v̂

ð1Þ
a1g

��� ���ce1gðyÞ

D E

¼� ce1gðeÞ v̂
ð1Þ
a1g

��� ���ce1gðeÞ

D E (26)

Lastly, we consider the benzene radical anion. Using the
symmetries of the LUMOs in neutral benzene (Fig. 2), the
degenerate electronic states of the benzene anion are denoted
as |E2u(y)i and |E2u(e)i. The selection rule for determining
which normal modes i are linear JT active is

A1g A E2u # E2u # Gi = {A1g " E2g} # Gi (27)

which is the same result as that of the benzene cation
(eqn (16)).

Hence, the derivation of the vibronic coupling constants
for the benzene anion in terms of orbital vibronic coupling
constants follows that of the benzene cation, and is omitted for
brevity. The final result, the linear vibronic coupling constants

for the benzene anion, V ð�;1Þe1g
and V ð�;1Þa1g

, can be expressed in

terms of orbital vibronic coupling constants as

V ð�;1Þe1g
¼ E2uðyÞ V̂

ð1Þ
e2g

��� ���E2uðyÞ
D E

¼ ce2uðyÞ v̂
ð1Þ
e2g

��� ���ce2uðyÞ

D E

¼ � ce2uðeÞ v̂
ð1Þ
e2g

��� ���ce2uðeÞ

D E

¼ ce2uðyÞ v̂
ð1Þ
e2g

��� ���ce2uðeÞ

D E
(28)

Fig. 4 B3LYP/def2-TZVPP a1g normal modes of neutral benzene.

Paper PCCP

Pu
bl

is
he

d 
on

 0
7 

A
ug

us
t 2

02
1.

 D
ow

nl
oa

de
d 

by
 N

at
io

na
l U

ni
ve

rs
ity

 o
f 

Si
ng

ap
or

e 
on

 9
/2

9/
20

22
 1

0:
16

:5
8 

A
M

. 
View Article Online

https://doi.org/10.1039/d1cp02795f


19060 |  Phys. Chem. Chem. Phys., 2021, 23, 19054–19070 This journal is © the Owner Societies 2021

V ð�;1Þa1g
¼ E2uðyÞ V̂

ð1Þ
a1g

��� ���E2uðyÞ
D E

¼ ce2uðyÞ v̂
ð1Þ
a1g

��� ���ce2uðyÞ

D E

¼ ce2uðeÞ v̂
ð1Þ
a1g

��� ���ce2uðeÞ

D E
:

(29)

The orbital vibronic coupling constants in eqn (28) and (29) will
also be calculated using the degenerate LUMOs of neutral benzene.

Summarising this section, the vibronic coupling constants
of the benzene radical cation and anion have been reduced to
the orbital vibronic coupling constants of their respective
frontier orbitals. The orbital vibronic coupling constants will
be calculated as the gradient of the Kohn–Sham orbitals of the
neutral benzene molecule to avoid the problem of degeneracy.
In the case of GW, the energy gradient of the quasiparticle
representing the ionization or addition of an electron to the
respective frontier orbitals of benzene will be used to calculate
the vibronic coupling constants of the benzene radical cation.

2.2 GW approximation

A brief overview of the GW-based methods used in this work is
given in this section.27,28,32 Within many-body perturbation
theory, the quasiparticle representing the addition or removal
of an electron to a system can be characterised using the time-
ordered Green’s function.29 The time-ordered Green’s function
G for an interacting system obeys the Dyson equation,

Gð1; 2Þ ¼ Gnon�int:ð1; 2Þ þ
ð
dð34ÞGnon�int:ð1; 3ÞSð3; 4ÞGð4; 2Þ;

(30)

where Gnon-int. is the Green’s function for a non-interacting
system, S is the self-energy, and the notation 1 = (r1, t1) is used
to represent the spatial and time coordinates.

However, the exact self-energy is not known, and has to be
approximated. Hedin’s approach was to expand the self-energy
in terms of the screened Coulomb interaction W,30

Sð1; 2Þ ¼ i

ð
dð34ÞGð1; 3ÞWð1; 4ÞGð3; 2; 4Þ (31)

with W calculated using the bare Coulomb potential V(r1, r2) =
e2/|r1 � r2| and a polarisability term P

Wð1; 2Þ ¼ Vð1; 2Þ þ
ð
dð34ÞVð1; 3ÞPð3; 4ÞWð4; 2Þ (32)

Pð1; 2Þ ¼ �i
ð
dð34ÞGð4; 2ÞGð2; 3ÞGð3; 4; 1Þ; (33)

and the vertex function G,

Gð1; 2; 3Þ ¼ dð1; 2Þdð2; 3Þ

þ
ð
dð4567ÞdSð1; 2Þ

dGð4; 5ÞGð4; 6ÞGð7; 5ÞGð6; 7; 3Þ:

(34)

Eqn (30)–(34) are known as Hedin’s equations.30 To further
simplify the problem, the vertex correction is neglected; i.e., the

second term of eqn (34) is ignored. The self-energy in eqn (31)
becomes S = iGW, and the polarisability P = �iGG.

Using the random-phase approximation, the screened
Coulomb interaction can be expressed in terms of an dynamical
dielectric function e�1,

Wð1; 2Þ ¼
ð
dð3Þe�1ð1; 3ÞVð3; 2Þ; (35)

where e is obtained by treating the density response function
with the polarisability P,

eð1; 2Þ ¼ dð1; 2Þ �
ð
dð3ÞVð1; 3ÞPð3; 2Þ: (36)

Finally, Gnon-int. can be approximated by the one-particle
Green’s function for electrons in a mean-field system. The
spectral representation of Gnon-int. is then

Gnon-int r1; r2; xð Þ ¼
X
i

ciðr1Þciðr2Þ
x� ei � iZ

þ
X
a

caðr1Þcaðr2Þ
x� ea þ iZ

(37)

where e and c are the one-electron eigenvalues and eigenstates,
respectively, the indices i and a refer to the occupied and
unoccupied orbitals, respectively, and Z is a positive
infinitesimal.

In principle, using eqn (37) as a starting point, Hedin’s
equations simplified with the GW approximation can be solved
self-consistently to obtain the Green’s function for an interacting
system. However, this remains a challenging task, and requires
further approximations to be computationally practical.

To start, consider the quasiparticle equation, a one-particle
eigenvalue problem which can be derived from the Dyson
equation for G (eqn (30)):

�r
2

2
þ Vext: þ VHar: þ

ð
dr0SGW r; r0; eQP

i

	 
� �
cQP
i ðrÞ ¼ eQP

i cQP
i ðrÞ

(38)

where the self-energy operator SGW (r, r0, eQP
i ), which is in

general complex and non-Hermitian, is used to describe
exchange and correlation. The solutions of the quasiparticle
equation are then the quasiparticle energies eQP

i and wave
functions cQP

i .
In the ‘one-shot’ G0W0 method, the quasiparticle wave

functions are approximated by the one-electron wave functions
of a mean-field Hamiltonian, such as HF or Kohn–Sham DFT.
The quasiparticle energies can then be obtained by the pertur-
bative correction to the eigenvalues of the mean-field result,

eQP
i ¼ ei þ Ci S eQP

i

	 

�VXC

��� ���Ci

D E
: (39)

Eqn (39) can be solved graphically or linearised by expanding
the self-energy about the mean-field eigenvalues:

eQP
i ¼ ei þ Zi Ci SðeiÞ�VXCj jCih i (40)

using the renormalisation factor Zi

Zi ¼ 1� dSðxÞ
dx

� �
x¼ei

 !�1
: (41)
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Summing up, the G0W0 method starts with a mean-field
calculation and carries out a single iteration of Hedin’s
equations.

In eigenvalue self-consistent GW (evGW), the updated
quasiparticle energies are re-entered into the computation of
the Green’s function in eqn (37) after G0W0 calculation. The
re-calculation of W and S follows, and leads to a further
correction to the quasiparticle energies. This process is iterated
until self-consistency in the quasiparticle energies is achieved,
while the quasiparticle wave function is treated with the mean-
field wave function throughout. A simplification to the above
would be to perform self-consistency only in the calculation of
G, i.e., W is not updated after the first G0W0 calculation (evGW0).

Next, the quasiparticle self-consistent GW method, qsGW,
updates both the quasiparticle wave function and energies with
each iteration. To do so, a static and Hermitian approximation
to the GW self-energy is used such that the matrix elements of
the self-energy operator in qsGW becomes

ci S
qsGW

�� ��cj

D E
¼ 1

2
Re ci S

GW eið Þ þ SGW ej
� ��� ��cj

D Eh i
(42)

where ‘Re’ refers to the Hermitian part of SGW. Replacing SGW by
SqsGW in eqn (38) ensures the Hermiticity of the quasiparticle
equation, and allows it to be solved self-consistently to obtain
the quasiparticle energies within qsGW.

3 Computational details

The optimised D6h geometry (Fig. 1) and vibrational normal
modes (Table 1) of neutral benzene were first obtained at the
B3LYP/def2-TZVPP96–98 level of theory using Gaussian16.99

Next, the molgw v2.D program100 was used to obtain the
Kohn–Sham orbital energies and GW quasiparticle energies
corresponding to the degenerate HOMOs and LUMOs of the
neutral benzene molecule with respect to distortions along the
individual a1g and e2g normal modes (Fig. 3 and 4).

A polynomial fit was then used to obtain the derivatives of
the respective energies (Fig. 5 and ESI†). The same procedure
was also used to obtain the molecular vibrational frequencies
as the second derivatives of the total energies within the various
exchange–correlation functionals used in this work, which
includes the standard BLYP,101,102 B3LYP, CAM-B3LYP,103 and
tuned CAM-B3LYP (tCAM-B3LYP)104 functionals.

In addition, a number of studies have tested the use of
IP-tuned functionals in conjunction with the GW methods,
and have found that the IP-tuning of the range-separation
parameters leads to an improvement in the DFT and G0W0

results.33,43–45,105 As a result, the IP-tuning procedure was also
applied to the tuned CAM-B3LYP functional by Okuno et al.,
which is then denoted as IP-tCAM-B3LYP in this work. Details
of the IP-tuning are given in the ESI.†

The GW methods (G0W0, evGW0, evGW, and qsGW) were then
applied on top of each exchange–correlation functional
separately. The evGW0 and evGW calculations were iterated until
the quasiparticle energies corresponding to the degenerate
HOMOs and LUMOs converged to within 0.005 eV of the
previous iteration. Unless otherwise stated, all calculations
in this work were carried out with the def2-TZVPP basis set.98

All molgw v2.D calculations were carried out with the resolution-
of-identity approximation106 and the frozen core approximation
for GW calculations.37

4 Results and discussion
4.1 Ionization potential and electron affinity of benzene

We start our discussion of the results by looking at the electronic
properties of benzene, and the degenerate HOMOs and LUMOs
of neutral benzene in particular. These frontier molecular
orbitals can in turn be related to the vertical IP and electron
affinity (EA) using a Koopmans’ theorem-like approach.3 Ideally,
experimental values for the vertical IP and EA of benzene would
be used to benchmark the DFT and GW methods used in this
work.107 However, experimental measurements are complicated
by the presence of intrinsic effects such as zero-point vibrational
energies, as well as possible uncertainties as to whether the
experimentally measured IP and EA are vertical or adiabatic.72,80

Hence, we will benchmark our results against computational
CCSD(T) values from the literature.44

The errors in the vertical IP and EA of neutral benzene
calculated using DFT, G0W0, evGW0, evGW, and qsGW with
respect to CCSD(T) values are given in Fig. 6. Because the basis
set effect on the GW quasiparticle energies is known to be
large,31,37,38,44,108–110 we also calculated the vertical IPs and EAs
with the def2-QZVPP basis set.98 The difference between the GW
values for def2-TZVPP and def2-QZVPP was found to be quite
large, about 0.2–0.3 eV, and shows the importance of the basis
set effect (ESI†). As a result, the def2-QZVPP values will be
used for the following discussion of the vertical IP and EA of
benzene.

Benzene, being a prototypical aromatic molecule, has been
investigated in numerous studies of the GW
approximation.31,32,34,38,44,109–111 Our results follow the trends
observed in the earlier studies, and are summarised below.

In general, there is no notable difference between the
accuracies of the computed IP and EA within a single method.
The IP and EA calculated using DFT with standard functionals
is largely poor. On the other hand, the results for the IP-tuned
CAM-B3LYP functional (IP-tCAM-B3LYP) is excellent, with the

Table 1 Harmonic vibrational frequencies oi (cm�1) of benzene at the
B3LYP/def2-TZVPP level of theory

ni Frequency, oi ni Frequency, oi

1a1g 1015 1a2u 691
2a1g 3196 1b1u 1030
1a2g 1389 2b1u 3161
1b2g 725 1b2u 1176
2b2g 1020 2b2u 1336
1e1g 868 1e1u 1062
1e2g 624 2e1u 1519
2e2g 1200 3e1u 3186
3e2g 1637 1e2u 414
4e2g 3170 2e2u 989
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computed IP and EA within 0.05 eV of the CCSD(T) values.
Hence, the considerable improvement in the calculated IP and
EA supports the use of IP-tuning to redefine the parameters of
standard DFT functionals in a molecule-specific manner.

Next, the perturbative G0W0 correction leads to a vast
improvement in the initial DFT results, albeit the dependence
on the DFT starting point remains substantial. The errors in
G0W0@BLYP and G0W0@B3LYP are still quite large, at about
0.3 to 0.4 eV, while the error for G0W0 with the two standard
range-separated functionals (CAM-B3LYP and tCAM-B3LYP) is
significantly smaller at about 0.1 eV to the CCSD(T) values. The
accuracy of the DFT result for IP-tCAM-B3LYP means that the
effect of the G0W0 correction is minimal.

The starting point dependence is reduced further in evGW0, and
is almost completely eliminated in evGW. This is accompanied by
an improvement in the calculated IP and EA, with the errors in the
evGW results falling below 0.05 eV for all five functionals. Lastly, as
the quasiparticle wave function is obtained self-consistently in
qsGW, the resulting IP and EA are completely independent of the
DFT starting point, and are comparable to evGW in terms of the
accuracy.

Thus, we can conclude that GW approximation is capable
of modelling the electronic properties of benzene accurately.
The limitations of DFT are already strongly alleviated with the
simplest G0W0 approach, with further improvements observed
upon the introduction of self-consistency. More specifically,
evGW and qsGW provide excellent results for both IP and EA
regardless of the DFT starting point, while G0W0 can only yield
accurate IPs and EAs when used with long-range corrected
functionals. It is worth noting that the IP-tuned CAM-B3LYP
can match the evGW results, and only requires DFT calculations
in terms of the computational cost.

4.2 Vibrational properties of neutral benzene

After the electronic properties of benzene, we examine the other
component of vibronic coupling, the vibrational motion.
The effect of the basis set and normal mode coordinates used
in the numerical calculation of the vibrational frequencies was
found to be weak in our earlier study of the cyclopentadienyl
radical,47 and we confirm it again here. We also explored the

use of the Galitski–Migdal formula112 with the Green’s function
from a G0W0 calculation to obtain the total molecular energies.
The vibrational frequencies within GW were then obtained as
the second derivative of the total energies with respect to the
a1g and e2g normal modes. The full set of numerical results is
given in the ESI.†

As in the previous section, we will compare the obtained
vibrational frequencies to the CCSD(T) values from the
literature113 (Fig. 7). Unlike the results for IP and EA, no single
method or functional clearly outperforms the rest. The quality
of the DFT and GW vibrational frequencies is comparable to
each other for the 1e2g, 2e2g, and 3e2g normal modes, while that
of DFT is slightly better for the 1a1g, 2a1g, and 4e2g

normal modes.
The use of the Galitski–Migdal total energies to model the

a1g and e2g normal modes within GW does not appear to be an
improvement upon DFT. The performance of the various
functionals within DFT is also mostly similar to each other,
with the largest disparity found in the C–H bond stretching
(2a1g and 4e2g) modes. The performance of the three range-
separated functionals for these two normal modes is poorer
compared to those of BLYP and B3LYP.

Before proceeding to the discussion on vibronic coupling
constants, we note that we will use the vibrational frequencies
of neutral benzene to treat the benzene radical cation and

Fig. 5 B3LYP Kohn–Sham orbital and evGW@B3LYP quasiparticle energies
for the degenerate HOMOs of neutral benzene with respect to a distortion
along the 3e2g(y) normal mode. The energies were vertically shifted to set
the energies at R0 to be zero.

Fig. 6 Comparison between the vertical IP (DIP) and EA (DEA) of benzene
within DFT and GW to CCSD(T) values extrapolated to the complete basis
set limit.44 The results obtained using the def2-TZVPP and def2-QZVPP
basis sets are both given. The DFT results for BLYP are partially cut off
because of the size in the errors. The full set of numerical results is given in
the ESI.†
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anion. Essentially, the reduction of the linear vibronic coupling
constants of the benzene radical cation and anion to a single
orbital vibronic coupling constant is discussed in Section 2.1
above. This approach can be extended to treat the vibrational
frequencies of the radical cation and anion as the difference
between the corresponding vibrational frequencies of the
neutral molecule and the second derivatives of the orbital
energies. As the second derivatives of the orbital energies for
the frontier orbitals of benzene were found to be small, it will
be sufficient to use the vibrational frequencies of neutral
benzene for the radical cation and anion. Further details on
the derivation and the computational results are given in the
ESI.† Because of their slightly superior accuracy, the DFT
vibrational frequencies will be used for the calculation of the
dimensionless vibronic coupling constants.

4.3 Linear vibronic coupling constants

As stated in the Introduction, the aim of the present study is to
investigate the computation of vibronic coupling constants using
approximate self-consistent GW methods. There are two main
points to consider towards this end: the starting point dependence
of these methods and the accuracy of the computed results.

We examine the first question by looking at V(+,1)
i and

V(�,1)
i for the benzene radical cation and anion. The DFT and

GW results are given in Fig. 8, 9 and the ESI.† We will use
a simplified notation without superscripts, Vi, to refer to both
V(+,1)

i and V(�,1)
i simultaneously.

As observed in our previous work,47 the dependence of the DFT
results on the exchange–correlation functional is a lot weaker
compared to the IP and EA of benzene discussed earlier. The DFT

results lie within 0.5 � 10�4 a.u. of each other, except for V ðþ;1Þ3e2g
.

The variance in the results is further reduced in G0W0, and
the introduction of self-consistency within GW leads to a
further agreement across the five functionals. Other than

V ðþ;1Þ2a1g
, the qsGW and evGW values are about 0.1 � 10�4 a.u.

of each other. Therefore, we confirm that the use of
approximate self-consistent GW methods removes the starting
point dependence in the computed vibronic coupling constants.

Because of its performance for the IP and EA, the DFT
results for the IP-tCAM-B3LYP functional is also of interest.

Fig. 7 Comparison of the vibrational frequencies of the a1g and e2g

normal modes obtained within DFT and GW to the CCSD(T)/cc-pVTZ
values.113 The difference to CCSD(T) values (Doi) is given in cm�1.

Fig. 8 Linear vibronic coupling constants of the a1g normal modes for the
benzene cation and anion, V ðþ;1Þa1g

and V ð�;1Þa1g
(10�4 a.u.), calculated as the

orbital vibronic coupling constants of the ce1g(e) and ce2u(e) orbitals of
neutral benzene. The sign of Va1g

is omitted here, and the full set of orbital
vibronic coupling constants is given in the ESI.†
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We find that the DFT values of Vi agree well with the corres-
ponding GW results for the e2g normal modes. However,
there is a notable difference between the GW and DFT results
for the a1g normal modes, especially in the cation. This
difference in the a1g results of the cation is not limited to the
IP-tCAM-B3LYP functional, and can be seen in the other four
functionals as well. Thus, the problem appears to be inherent
to DFT itself.

A possible explanation could be the orbital relaxation
effects, which are accounted for in the GW quasiparticle
approach, but not in DFT. The frontier orbitals of neutral
benzene were used to calculate Vi within DFT. In this treatment,
orbital relaxation effects are ignored only in the frontier orbitals
for the e2g normal modes, but is ignored in all the occupied
orbitals for the a1g normal modes (Section 2.1). Hence, the error
arising from the neglect of orbital relaxation will be smaller
for the e2g normal modes compared to the a1g normal modes,
and is a possible explanation for the difference between
the DFT and GW results for the a1g normal modes. The
effect of neglecting orbital relaxation should be more
significant for the energies of the occupied orbitals than the
virtual orbitals, and explains the larger difference observed in
the cation.

The vibrational component of vibronic coupling is then
taken into account in the dimensionless vibronic coupling
constants D(+,1)

i and D(�,1)
i (Fig. 10 and 11), and indicates the

strength of the vibronic coupling in a normal mode. For
example, the small values of Di (o0.1) for the two C–H bond
stretching modes (2a1g and 4e2g) imply that the vibronic
coupling in these two modes is very weak.

In theory, differences between the vibrational frequencies
calculated with the five DFT functionals would affect the results
for D(+,1)

i and D(�,1)
i . However, as the vibrational frequencies

computed within the various functionals are largely similar
to each other, their effect on the calculation of D(+,1)

i and
D(�,1)

i becomes minimal. As a result, the trends in the results
of Di follow Vi closely, and have already been discussed earlier.
Hence, we find that the electronic structure calculation is the
key factor in the computational treatment of vibronic coupling,
at least in the case of benzene.

The accuracy of the various GW methods remains to be
examined. Towards this end, we first compare results from the
literature to establish a suitable benchmark for our results.
Literature values for D(+,1)

i and D(�,1)
i are given in Table 2.

We start with the benzene radical cation. Computationally,
there is some uncertainty in the literature results from corre-
lated wave function methods. There are two sets of CASSCF
values for D(+,1)

i which differ from each other quite significantly.
We suggest that this is because the computed values of D(+,1)

i in
the study by Tokunaga et al. are scaled such that the total JT
stabilisation energy (see eqn (43) below) calculated using the
model vibronic Hamiltonian matches the difference between
the energies of the radical at the D2h and D6h geometries.83

This introduces a further dependence of their D(+,1)
i results on

the quality of the computed geometries and vibrational
frequencies, which were obtained within the relatively crude
HF method. As for the difference between the CASSCF results
of Applegate et al. and the EOMIP-CCSD values, both
CASSCF and EOMIP-CCSD are capable of treating multi-
reference effects, but CASSCF does not account for dynamic
electron correlation.15,114 Thus, the EOMIP-CCSD values should
probably be more reliable as compared to CASSCF values.
Lastly, the agreement between DFT and OVGF (outer valence
Green’s function) results from the literature to the EOMIP-

Fig. 9 Linear vibronic coupling constants of the e2g normal modes for the
benzene cation and anion, V ðþ;1Þe2g

and V ð�;1Þe2g
(10�4 a.u.), calculated as the

orbital vibronic coupling constants of the ce1g(e) and ce2u(e) orbitals of
neutral benzene. The sign of Ve2g

is omitted here, and the full set of orbital
vibronic coupling constants is given in the ESI.†
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CCSD values varies depending on the normal mode, but is
generally quite good.

Experimentally, the values for Dðþ;1Þ1e2g
and Dðþ;1Þ2e2g

agree well

with the EOMIP-CCSD values, but the values for Dðþ;1Þ3e2g
are

slightly lower in comparison. This could be because the experi-
mental spectra are complicated by effects such as Fermi mixing
at wavenumbers 41500 cm�1,62,65 which is where the
frequency of the 3e2g normal mode falls into. This makes the
assignment and interpretation of the experimental peaks
within this range more challenging, and is a possible
reason for the discrepancy between the experimental and

computational results for Dðþ;1Þ3e2g
. Considering the above, we will

use EOMIP-CCSD values as the benchmark for our benzene
cation results.

We find a good agreement between our self-consistent GW
(evGW0, evGW, and qsGW) results for D(+,1)

i and EOMIP-CCSD
values (Fig. 10). The largest discrepancies in the 1a1g and 3e2g

normal modes are small, about 0.1 only. Within the
cheaper methods, the performance of G0W0 with long-range
corrected functionals is comparable to approximate self-
consistent GW. For DFT, CAM-B3LYP and IP-tCAM-B3LYP agree
well with the self-consistent GW values for the e2g normal
modes, but not for the a1g normal modes. The good agreement

between the EOMIP-CCSD values of V ðþ;1Þ1a1g
with the CAM-B3LYP

and IP-tCAM-B3LYP results is probably due to error
cancellation.

The improvement in the results using an IP-tuned functional
is relatively weaker, compared to IP and EA. This could be
because the IP-tuning procedure was carried out at a fixed set
of nuclear coordinates, but the calculation of Vi, and hence Di,

Fig. 10 DFT and GW dimensionless linear vibronic coupling constants of
the benzene cation, D

ðþ;1Þ
i ¼ V

ðþ;1Þ
i

. ffiffiffiffiffiffiffiffiffi
�hoi

3
p

, where oi is the vibrational
frequency of the normal mode i within the respective DFT functional.
The B3LYP vibrational frequencies were used in the case of qsGW. The
horizontal grey dotted lines refer to the corresponding EOMIP-CCSD
values of D(+,1)

i .

Fig. 11 DFT and GW dimensionless linear vibronic coupling constants of
the benzene anion, D

ð�;1Þ
i ¼ V

ðþ;1Þ
i

. ffiffiffiffiffiffiffiffiffi
�hoi

3
p

, where oi is the vibrational
frequency of the normal mode i within the respective DFT functional.
The B3LYP vibrational frequencies were used in the case of qsGW.
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requires a distortion of the molecular geometry. The value of the
IP-tuned range-separation parameter obtained at the original,
undistorted geometry would no longer be valid for the distorted
molecule, and affects the calculation of the electronic states in
turn. It may be possible to resolve this by carrying out the
IP-tuning procedure for each distorted molecular geometry
individually, but it would not be practical to do so. As such,
the benefits of the IP-tuning procedure may become limited
when the chemical property under study involves a change in
nuclear coordinates.

After discussing the benzene cation, we consider the
benzene anion. There are far fewer studies on the JT effect in
the benzene radical anion. The only available set of results for
D(�,1)

i obtained using correlated wave function methods is the
CASSCF values by Tokunaga et al.83 Based on their results for
the benzene radical cation, the scaling of D(�,1)

i with respect to
the energy of the radical ion at the D2h and D6h geometries is
probably not very dependable.

Thus, because of the lack of an accurate benchmark, we will
not attempt to conclusively determine the accuracy of GW
towards vibronic coupling in the benzene radical anion, and
restrict the analysis of the benzene anion to a comparison
within our own results. Compared to the benzene cation, there
is a better agreement in the values of D(�,1)

i across the various
GW methods and DFT. As mentioned above, the largest
difference between DFT and GW is observed in the 1a1g normal
mode. Considering the agreement within our computational
results for the benzene anion, as well as the general perfor-
mance of GW with respect to the benzene cation, we suggest
that our GW results for the benzene anion should also be
reasonably accurate.

After examining the quality of our computational results, we
discuss the JT distortion in the benzene radical cation and
anion. We will not consider the C–H bond stretching modes
because they do not contribute significantly to the JT effect in
the benzene radical ions.

The JT stabilisation energy EJT
i for normal mode i is

calculated as

EJT
i ¼

�hoi

2
Di

2 (43)

If the value of Di for a normal mode i is greater than 1, the JT
stabilisation energy for i is larger than its zero-point vibrational
energy, and the molecule would undergo a static JT distortion
along i. This just about holds for the first e1g normal mode for
the benzene cation, and implies that the cation will be distorted
to a D2h geometry along this mode.

For the benzene anion, D(�,1)
i is greater than 1 only for the

1a1g mode in the benzene anion, which is the totally symmetric
C–C bond stretching mode. Interestingly, the 1a1g normal
mode is not usually classified as a JT active mode because it
does not lower the D6h point group symmetry of the system.
Despite this, we can use this result to predict that the C–C
bonds are lengthened in the benzene radical anion compared
to neutral benzene, which agrees with the literature.79

For the other normal modes in the benzene cation and
anion, Di is less than 1, and the system undergoes pseudorotation
following the minimum energy path in the ‘Mexican hat’ potential
(Fig. 12). The calculation of the pseudorotation barrier would
involve extending the linear vibronic coupling model used in the
present study to include quadratic vibronic coupling terms.
A brief examination of the quadratic vibronic coupling constants
of the e2g and a1g normal modes confirms that the quadratic JT
effect for these modes is weak (ESI†). Hence, there is effectively no
pseudorotation barrier in the benzene cation or anion, which is in
agreement with the literature.63,65,66,68,70,72,75,77,79,81

In sum, we investigated vibronic coupling using different
levels of the GW approximation. In the case of benzene, we find
that the main determining factor behind the computation
of vibronic coupling constants is the electronic structure
calculations. Thus, GW methods perform well because of their
accuracy with respect to the molecular electronic properties.

In particular, the approximate self-consistent GW methods
consistently returned the most accurate vibronic coupling con-
stants. Although the starting point dependence of G0W0 is
reduced compared to the IP and EA, the choice of the original
DFT functional remains significant, with long-range corrected
functionals found to give the best results with G0W0. Based on
the results of the present study and our earlier work on the
cyclopentadienyl radical,47 we suggest that range-separated
functionals are a good starting point for G0W0 calculations.
Also, the effectiveness of the IP-tuning procedure appears to be
reduced for the computation of vibronic coupling constants,
which is ascribed to the computational protocol used in the
calculation.

Finally, we note that the vibrational frequencies used for
computing Di were still obtained within DFT, and not GW.
This was because the numerical calculation of the vibrational
frequencies as the second derivative of the Galitski–Migdal
total energies was not found to improve upon DFT. However,
there are some recent studies on the total energies and
molecular PES within GW which may prove otherwise. Bruneval

Table 2 Literature values of the dimensionless linear vibronic coupling
constant Di ¼ Vi

. ffiffiffiffiffiffiffiffiffi
�hoi

3
p

for the a1g and e2g normal modes of the benzene
radical cation and anion. The computational method used for the vibra-
tional frequencies is given in parentheses, if it differs from the method used
in the electronic structure calculations

Cation Dðþ;1Þ1a1g
Dðþ;1Þ2a1g

Dðþ;1Þ1e2g
Dðþ;1Þ2e2g

Dðþ;1Þ3e2g
Dðþ;1Þ4e2g

CASSCF/6-31G* (scaled HF)65 0.917 0.490 0.678
CASSCF/6-31G(d,p) (HF)83 1.150 0.560 0.520 0.060
EOMIP-CCSD/TZ2P (CCSD)60 0.602 0.042 0.997 0.529 0.742 0.011
OVGF/DZP (MP2)60 0.706 0.066 0.983 0.510 0.800 0.008
PBE86 0.97 0.46 0.80
B3LYP/6-31G*85 0.561 0.947 0.490 0.756 0.083
B3LYP/6-311G(2p,d)63 0.983 0.445 0.778
Expt.65 1.010 0.490 0.600
Expt.62 1.020 0.490 0.616

Anion Dð�;1Þ1a1g
Dð�;1Þ2a1g

Dð�;1Þ1e2g
Dð�;1Þ2e2g

Dð�;1Þ3e2g
Dð�;1Þ4e2g

CASSCF/6-31G(d,p) (HF)83 1.43 0.28 0.52 0.21
PBE86 0.16 1.06
B3LYP/6-31G*84 0.953 0.408 0.613 0.969 0.063

PCCP Paper

Pu
bl

is
he

d 
on

 0
7 

A
ug

us
t 2

02
1.

 D
ow

nl
oa

de
d 

by
 N

at
io

na
l U

ni
ve

rs
ity

 o
f 

Si
ng

ap
or

e 
on

 9
/2

9/
20

22
 1

0:
16

:5
8 

A
M

. 
View Article Online

https://doi.org/10.1039/d1cp02795f


This journal is © the Owner Societies 2021 Phys. Chem. Chem. Phys., 2021, 23, 19054–19070 |  19067

has defined a ‘GW density matrix’ to calculate the total energy
within GW,115,116 while Loos and co-workers have examined
the ground state PES of diatomic molecules using the Bethe–
Salpeter equation within the adiabatic-connection fluctuation-
dissipation theorem.117,118 These studies may offer the
possibility of improved vibrational frequencies, and hence
improved vibronic coupling constants that are obtained
completely within GW.

Other than this, we did not consider higher order vibronic
coupling terms, such as intermode coupling or the quadratic
coupling in normal modes that are not of e2g or a1g symmetry,
in this work. A study on the benzene anion by Bazante et al.
found a C2 non-planar minimum energy geometry for the
benzene radical anion,79 which is not possible within the linear
vibronic coupling model of the present study. The inclusion of
higher order vibronic coupling terms in the vibronic Hamiltonian,
e.g., the coupling between e2u normal modes, is necessary to
model the out-of-plane bending.

Also, we only looked at the JT coupling in the ground
electronic state of the benzene radical cation and anion. Thus,
another possible extension of the present work would be to
include pseudo-JT coupling in the lower electronic states of the
radical ions. This has been investigated in some earlier
studies,56–64 and would test the applicability of GW beyond
the frontier orbitals of benzene. We are currently carrying out
some exploratory work in this direction.

5 Conclusion

The main goal of this paper was to investigate the calculation of
vibronic coupling constants using a hierarchy of GW-based
methods. We approached this problem by considering the
individual components of vibronic coupling, and analysed the
performance of GW towards the electronic and vibrational
properties of benzene.

The electronic properties of benzene were examined by
calculating its IP and EA, and we confirmed that approximate
self-consistent GW methods provide the best agreement with
CCSD(T) values from the literature. With the exception of the
IP-tuned CAM-B3LYP functional, DFT was found to perform

poorly in this regard, but the G0W0 correction resulted in a
significant improvement throughout.

Next, the vibrational frequencies of the a1g and e2g normal
modes of benzene were calculated numerically as the second
derivatives of the SCF and Galitski–Migdal total energies for
DFT and GW, respectively. In this case, the GW results were
slightly poorer than their DFT counterparts. In addition, the
differences across the DFT vibrational frequencies calculated
using the different exchange–correlation functionals were
found to be quite small as well. As a result, we observed that
the computation of vibronic coupling constants is mainly
influenced by the electronic state calculations.

Finally, using the B3LYP normal modes of neutral benzene,
the vibronic coupling constants of the benzene radical cation
and anion were obtained numerically as the gradients of the
frontier orbitals of neutral benzene for DFT, while the gradients
of the corresponding quasiparticle energies were used in the
case of GW. On the whole, we find that the starting point
dependency of the computed vibronic coupling constants
becomes negligible with approximate self-consistent GW meth-
ods, and these methods provide results that agree well with
EOMIP-CCSD values from the literature. G0W0 with long-range
corrected functionals also yielded results that are comparable
to those of self-consistent GW, while those of DFT are slightly
poorer.

In particular, the DFT treatment of the vibronic coupling
constants for the a1g normal modes assumes that all occupied
orbitals are frozen, which is why the DFT results for these
modes are poorer than those for the e2g normal modes, in
which it only assumes the frontier orbitals to be frozen. The
calculation of vibronic coupling constants using the quasipar-
ticle energies within GW does not require any such approxi-
mation, and agrees better with the high level wave function
methods on the whole.
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Phys. Rev. B: Condens. Matter Mater. Phys., 2011, 84, 155104.

55 M. Lazzeri, C. Attaccalite, L. Wirtz and F. Mauri, Phys. Rev.
B: Condens. Matter Mater. Phys., 2008, 78, 081406.

56 S. Scheit, S. Goswami, H.-D. Meyer and H. Köppel, Comput.
Theor. Chem., 2019, 1150, 71–84.

57 M. C. E. Galbraith, S. Scheit, N. V. Golubev, G. Reitsma,
N. Zhavoronkov, V. Despré, F. Lépine, A. I. Kuleff,
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